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energy and left the concept of the ether in a precarious state. In an attempt to 
reconcile theory with experiment, physicists have been led to replace the 
mechanical models of the last century by mathematical formulas. To show 
the extent to which this has been done the speaker cited the recent matrix 
quantum theory where infinite matrices have replaced physical intuition based 
upon mechanical analogies. 

The meeting on Saturday was presided over by Professor E. N. Johnson of 
Butler College, chairman of the section. There was a short business meeting at 
which the following officers were elected: Chairman, Professor J. E. DoTTERER, 
Manchester College; Vice-chairman, Professor E. D. Grant, Earlham Col- 
lege; Secretary-treasurer, Professor H. T. Davis, Indiana University. 

A chairman’s address was made by Professor Johnson on the subject, “A 
plea for the history of mathematics.” Professor Johnson pointed out that no 
subject loses so much as mathematics when it is separated from its history. 
Numerous historical allusions were made to show how teaching can be aided 
by a knowledge of the struggles that underlie the growth of mathematical 
ideas. The address concluded with recommendations that the state board of 
education be petitioned to reduce its requirements in education and to increase 
its requirements in mathematics for mathematics teachers, this increase to 
include the history of mathematics as a required subject. Upon motion a com- 
mittee was appointed to act on this suggestion and appropriate recommenda- 
tions were adopted by the section. 

The following papers were presented: 

1. “A study of the reliability of certain types of mathematical tests,” 
by Professor W. E. Epincton, Purdue University. 

2. “A study in correlation of college grades, intelligence test grades, and 
personality ratings” by Mr. J. H. SHock, Purdue University. (Introduced by 
Professor F. H. Hodge). 

3. “Function-theoretic determination of the area of a triangle” by Pro- 
fessor K. P. Wiitrams, Indiana University. 

4. “Laplace’s calculus of generatrix functions’ by Miss IRENE PRICE, 
Indiana University. (Introduced by Professor Davis). 

5. “Some elementary properties of tensors” by Professor P. D. Epwarps, 
Ball Normal School. 

6. “A survey of methods for the inversion of integrals of Volterra type” 
by Professor H. T. Davis, Indiana University. 

7. “Note on the validity of the formula for the standard deviation of a 
sum”’ by Professor W. E. Epincton, Purdue University. 


Abstracts of the papers follow, the numbers corresponding to the numbers 
in the list of titles. 
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1. The reliability of a series of tests given to classes in freshman and 
sophomore college mathematics has been investigated by means of the cor- 
relation and Brown-Spearman formulas. The tests are of the essay type, the 
recall and the recognition types, and combinations of these types; they were 
given in fifty-minute and three-hour time periods. As is to be expected, the 
tests in formal differentiation and integration show moderately high reliability, 
whereas tests involving essay problems show a wide variation in reliability. 
The results of this study also suggest a method of testing the reliability of the 
teaching of the various mathematical topics by the instructor. 

2. In this paper Mr. Shock computed the coefficient of correlation between 
college grades and intelligence grades, between college grades and personality 
estimates, and’ between intelligence grades and personality estimates, for one 
hundred Purdue seniors chosen at random. He found the correlation between 
college grades and the personality estimates to be the highest and the correla- 
tion between the intelligence grades and the personality estimates to be the 
lowest. 

3. Professor Williams’s paper appears in this number of the MONTHLY. 

4. Laplace published in 1779 the method of generatrix functions which he 
made the foundation of his theory of probability. The principles of the method 
in their simplest form consist in treating the successive values of any function 
as the coefficients in the expansion of another function with reference to a 
second variable. The latter is called the generatrix function of the former. A 
direct and inverse calculus is thus created. Miss Price showed how this calculus 
may be used in the theory of interpolation, in the transformation of series, 
and in the expansion of functions and their differences into series. By means 
of the calculus of Laplace, the approximate value of an expression containing 
a great many terms may be found. Application was made to the evaluation of 
integrals found in the theory of probability. 

5. The paper of Professor Edwards dealt with the definitions of contra- 
variant tensors as extensions of the two types of vectors arising from the dif- 
ferentiation of the differentials dx, and the gradient of an invariant. The ele- 
mentary properties of these tensors were considered with the laws of operation 
and the significance of covariant differentiation. 

6. Professor Davis made a survey of the methods used to solve the Volterra 
integral equation of the first kind. The first part of the paper considered the case 
of the general kernel K(x, y) and showed, in particular, the existence of singu- 
larities analogous to the regular and irregular singular points of linear differen- 
tial equations. The second part of the paper dealt with a number of special 
methods that have been devised for solving the equation with a kernel of the 
form K(x—y). 
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7. In a series of m sets of m items or measurements, it is well known that 
o,=a/s/n and o,=+/(o? +07 + --- +0,2), where oc, is the standard deviation 
of the average, o thestandard deviation of the mn items, o, the standard 
deviation of the sum, and o; (i=1, 2,---, m), the standard deviation of the 
m sets. These formulas depend for their validity on the assumption that 
is sufficiently large so that the sums of the product terms approach zero. In 
this paper Professor Edington determined the relation o? =m(1—n7')o? 
=m(n—1)042, which affords a check on the validity of the use of the formulas 
for ¢, and o4 when » is not large. 

At the conclusion of the meeting, a vote of appreciation was extended to 
the department of mathematics, the Naperian Club, and the Physics Seminar 
of DePauw University. The time and place of the next meeting was left in 
the hands of the executive committee. 

H. T. Davis, Secretary 





THE MAY MEETING OF MARYLAND-VIRGINIA- 
DISTRICT OF COLUMBIA SECTION 


The twenty-first meeting of the Maryland-Virginia-District of Columbia 
Section of the Mathematical Association was held on Saturday, May 7, 1927, 
at the University of Maryland, College Park, Maryland, the morning session 
opening at 11 a.m. and the afternoon session at 2:30 p.m. Those attending the 
meeting were guests of the University of Maryland at luncheon between the 
sessions, and also were guests at various athletic events before and after the 
sessions. Chairman J. A. Bullard presided at both sessions. 

There were 53 present including the following 38 members of the Associa- 
tion: O. S. Adams, R. N. Ashmun, H. G. Avers, L. M. Blumenthal, C. C. 
Bramble, J. A. Bullard, P. Capron, A. Cohen, G. R. Clements, J. A. Duerksen, 
P. J. Federico, G. L. Fentress, M. Goldberg, H. Gwinner, W. M. Hamilton, 
G. W. Hansen, P. E. Hemke, H. P. Kaufman, G. H. Keulegan, W. D. Lambert, 
A. E. Landry, F. Morley, F. D. Murnaghan, J. R. Musselman, J. W. Peters, 
E. C. Phillips, O. J. Ramler, C. H. Rawlins, Jr., J. N. Rice, A. W. Richeson, 
R. E. Root, J. H. Schad, J. T. Spann, T. H. Taliaferro, A.A. Tomeldon, J. Tyler, 
P. Wernicke, E. W. Woolard. 

The following program was presented: 

1. “The problem of three vortices” by Prof. F. Morey, Johns Hopkins 
University. 

2. “Euclidean invariants of the plane cubic” by P. J. FEpERIco and P. R. 
Nerr, U. S. Patent Office. 

3. “Lagrange resolvents in Euclidean geometry” by L. M. BLUMENTHAL, 
Johns Hopkins University. 
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4. “The Lagrange resolvents of a triangle” by J. W. PETERS, Johns Hopkins 
University. 

5. “The drag of wings with end plates” by Dr. P. E. HEmKE, Postgraduate 
School, U. S. Naval Academy. 

6. “The contribution of Newton to pure mathematics” by E. W. Woorarp, 
U. S. Weather Bureau. 

7. “The contribution of Laplace to pure mathematics” by Prof. A. W. 
RIcHESON, University of Maryland. 

8. “On generalized free perspective” by Dr. P. WERNICKE, U. S. Patent 
Office. 

9. “A note on the orthopole” by Prof. F. D. MurNnacHAN, Johns Hopkins 
University. 

Abstracts of these papers are given below, the numbers corresponding to 
those in the list of titles. 

1. A straight vortex filament imposes on a particle of fluid p a velocity 
inversely as the distance from p to the line and at right angles to both the 
distance and the line. Assuming that for parallel straight vortices the action of 
each on the other is of the same kind, the problem of the motion of three 
parallel and positively equal vortices is shown to be a simple problem of elliptic 
functions. 

2. The method of applying the Lie theory of continuous groups to find the 
Euclidean invariants of second degree curves used by McDuffee in the May, 
1926 issue of the MONTHLY was used to find the invariants of plane cubics. 
A complete system of seven invariants and two covariants of the cubic was 
found and the geometric interpretation of some of the invariants was explained. 

3. A function of the vertices of two plane m-gons %1, %3, %5,°-°-° , X2n-1 
and %2, %4, %s,° °° , Xx Which is invariant under translations y=x-+a and 


n 
rotations y =¢x is found to be > Eox(X2er-1—X2n41). This invariant expresses the 
=1 


area A and norm N of the 2n-gon x1, x2, %3,°-- Xen. This function is then 
expressed in terms of the Lagrange resolvents 


n—1 a—-1 


%= d every, and u; = P €Fxen+1) 5 
=0 k=O 


(where € is a primitive mth root of unity) of the vertices of the two n-gons; 
the result obtained is 


n—1 
2; (1—e"") 0,4, = 2n(N + 7A). 
k=l 


4. The equation aopxr?+3aix?+3a2x+a;=0, when all the quantities are 
complex, presents a triangle when represented by points in the plane. Under 
homologies the equation has one invariant in terms of which the ratio of the 
two Lagrange resolvents is easily expressed. The geometric representation of 
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the Lagrange resolvents is closely connected with the triangle. Hence to 
express properties of the triangle invariant under homologies in terms of the 
invariant, first connect these properties with the Lagrange resolvents. 

5. The induced drag of an airfoil is that part of the total resistance or drag 
of an airfoil depending upon the ratio of the span to the chord. Experiments 
have shown that the induced drag of airfoils may be considerably reduced by 
fastening end plates or shields to the airfoil so that the planes of these shields 
are perpendicular to the span. In this paper the effect of adding such end plates 
is calculated by using a conformal transformation to transform the flow around 
the airfoil with end plates to the flow around a straight line. The latter is 
known and the induced drag is then calculated by finding the kinetic energy of 
the flow set up in a fluid, otherwise at rest, by the motion of a straight line 
normal to itself. 

The calculations are compared with experiments made at Géttingen 
University and the Langley Memorial Aeronautical Laboratory using single 
airfoils or monoplane cellules having end plates. The agreement warrants 
extending the calculations to biplane cellules with end plates and determining 
the reduction of induced drag for such arrangements. 

6. The contribution of Newton to pure mathematics is chiefly the in- 
finitesimal calculus, of which he was one of the founders. To him is due the 
analytical method with its advantages far exceeding any previous method— 
however the methods of the ancient Greeks were considerably superior in 
respect to soundness of theory. Neither Newton nor his contemporaries ever 
succeeded in placing the calculuson a satisfactory foundation; his expositions 
were vague and their validity often questioned. Newton originally based the 
calculus on infinitesimals, using these to obtain his so-called fluxions; he later 
altered the foundations several times—but never used the Method of Limits. 

7. Laplace’s contributions to pure mathematics are found in his works on 
determinants, differential equations, the theory of generating functions, finite 
difference equations and the evaluation of definite integrals by a method of 
approximation. In the theory of determinants Laplace gives an expansion 
formula which bears his name. He developed the idea of the generating func- 
tions in his Théorie Analytique des Probabilités, and it is here that he sets forth 
the greater part of his work in finite difference equations. Laplace’s ability to 
handle analysis was phenomenal; however, he considered mathematics only as a 
tool with which to arrive at certain physical results. 

8. The figure of two triangles (3-points) in perspective by linear projectors 
(s:) meeting in a point (so), in space (s3) is generalized. The “axis” of perspective 
is here called base. In free perspective of two m-points by means of p-dimensional 
projectors (s,), each going through two “corresponding” vertices and all 
having a common “centric” s., the figure must be placed in an Sap—94-. It is 








348 MAY MEETING OF MINNESOTA SECTION [Aug.—Sept., 


found that when c=p—1 there is a basic s,_»-1 containing the intersections 
(Sn—p—2) Of pairs of corresponding sides (s,_2). The converse theorem is.also true. 

9. The theorem of elementary plane geometry that the three altitudes of a 
triangle concur in a point may be generalized. Let D, E, F be the feet of the 
perpendiculars from the three vertices A, B, C of a triangle upon any line 
p in its plane. Then the three lines which pass through D, E, F and are per- 
pendicular to BC, CA, and AB, respectively, concur in a point P which is known 
as the orthopole of the line p as to the triangle ABC. Thus the orthocenter of a 
triangle is the orthopole of each of the three sides of the triangle as to the 
triangle. Each altitude of a triangle is the Simpson line of that vertex of the 
triangle through which it passes. The following theorem is readily proved: 
If we have six points in a circle such that the Simpson lines of three of them with 
respect to the triangle formed by the remaining triad concur in a point, then 
the Simpson lines of the second triad with respect to the triangle formed by the 
first triad concur in the same point, and this common point of the six Simpson 
lines bisects the join of the two orthocenters of the triangles formed by the two 
triads. 

Officers elected for the coming year were: Chairman, J. R. MUSSELMAN; 
Secretary-Treasurer, E. C. Puttirs; Members of the Executive Committee, 
T. H. TALIAFERRO and C. C. BRAMBLE. The next meeting will be held Dec. 
3, 1927 at Georgetown University, Washington, D. C. 

J. R. MussEtman, Secretary 





THE: MAY MEETING OF THE MINNESOTA SECTION 


The regular spring meeting of the Minnesota Section of the Mathematical 
Association was held at Gustavus Adolphus College, St. Peter, Minnesota, on 
Saturday, May 21, 1927. Professor Inez Rundstrom of Gustavus Adolphus 
College, the Chairman of the Section, presided. 

The attendance was 35 and included the following 18 members of the 
Association: W. O. Beal, A. Bogard, R. W. Brink, W. H. Bussey, Elizabeth 
Carlson, Sister M. Claudette, J. M. Earl, Sister Alice Irene Frieberg, Gladys 
Gibbens, C. H. Gingrich, W. L. Hart, D. Jackson, W. H. Kirchner, L. W. 
Moench, M. A. Nordgaard, Ella Thorp, Marion B. White, G. Winkelmann. 

At the luncheon, after greetings had been extended by the Chairman and 
by President Johnson of Gustavus Adolphus College, Professor W. H. Bussey, 
University of Minnesota, Editor-in-Chief of the MonTHLy, spoke informally 
on the early history of THE AMERICAN MATHEMATICAL MONTHLY. 

At the afternoon session the following officers were elected for the coming 
year: Chairman Sister M. CLAUDETTE, College of St. Benedict, St. Joseph, 
Minnesota; Secretary, A. L. UNDERHILL, University of Minnesota; an Execu- 
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tive Committee consisting of the Chairman, the Secretary and InEz Runp- 
strom, Gustavus Adolphus College, F. J. Taytor, Hamline University, and 
A. BocarD, College of St. Theresa. 

A motion was passed expressing the appreciation of the Section for the 
hospitality of Gustavus Adolphus College. 

The 1928 meeting will be held at the College of St. Benedict, St. Joseph, 
Minnesota. 

The following six papers were read: 

1. “Objective tests in descriptive astronomy,” by Professor W. O. BEAL, 
University of Minnesota. 

2. “Generalized evolutes in space,” by Professor A. Bocarp, College of 
St. Teresa. 

3. “Figures, and figures,” by Professor W. H. KircuNner, University of 
Minnesota. 

4. “The Pons-Winnecke comet,” by Professor C. H. Gincricu, Carleton 
College. 

5. “On a problem arising out of the theory of a certain game,” by Professor 
J. Uspensxy, Carleton College. 

6. “On the equation tang x=x,” by Professor USPENSKY. 

Abstracts of these papers follow, the numbers corresponding to those in 
the list of titles. 

1. Professor Beal reported on the comparative results obtained from the 
subjective and objective types of tests given to the same students as they 
progressed through a one quarter course in descriptive astronomy. This 
study covers a period of two years. A rather high correlation between the two 
methods was obtained. Samples of both types of questions and some of the 
statistics were thrown on a screen for the observation of the members of the 
section. He urged the teachers present to carry out similar experiments with 
objective tests in their classes in mathematics. 

2. In Professor Bogard’s paper two sets of rectangular coordinates are 
employed, one fixed in space and the other free to move along a curve C. The 
second set is the configuration consisting of the tangent, the principal normal, 
and the binormal, to C at any point. With respect to both sets of axes the 
parametric equations of a second curve I are derived. When the condition that 
the tangent to the curve I shall intersect the tangent to the curve C at right 
angles and at a fixed distance a from the point of tangency is introduced the 
equations of the generalized evolutes are obtained. Some properties of these 
curves are pointed out. The special case a =0 gives the equations of the evolutes 
of a space curve. Further specialization leads to the evolutes of plane curves. 

3. In Professor Kirchner’s paper, attention was called to the importance of 
figures in courses and text-books in mathematics. It was suggested that more 
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attention than is usually given to the subject in mathematics courses be paid 
to the methods of drawing figures. Some of the principles of isometric drawing 
were explained. 

4. Professor Gingrich stated some facts pertaining to the approach of the 
Pons-Winnecke comet. He said they were drawn from a paper by Professor 
George Van Biesbroeck published in the May issue of “Popular Astronomy.” 

The comet belongs to the Jupiter family of comets and has a period of 
approximately six years. It will be nearest the earth on June 27 at which time 
its distance from the earth will be approximately three and a half million miles. 
It will be moving rapidly southward from June 27 to July 1. During this 
period it will be near opposition and consequently will be above the horizon 
nearly all night. At its brightest it may be visible to the naked eye, but will 
probably not be particularly conspicuous. 

5. The theory of a certain game suggests the following problem: Is it 
possible to find » positive numbers a, b, c, - - - 1 in such a way that the m series! 

[a], [2a], [3a], : 


reproduce, without repetition, all the natural numbers 1, 2, 3, - - -? The author 
shows that, excluding the trivial case =i, a=1, the problem is possible only 
when ~=2. The necessary and sufficient condition that the two series (ma), 


(mb), for m=1, 2, 3--- , reproduce without repetition all the numbers 1, 2, 
3--+-+, is that a and 6 are both irrational numbers satisfying the condition 
1/a+1/b=1. 


6. The positive roots of the equation tang x= are, as is well known, 
x =(p+3)r—86, while the correction @ can be expressed by this power series in 
£=1/(p+4)r (p being 0, 1, 2, 3, mere }: 

6 =Co&+01&? +c2k>+c3€7+4+ - - + where Co=1, €:=2/3, Co2=13/15---, 
are positive rational numbers. These series have been given by Euler but 
no thorough discussion of their convergence can be found in the existing 
literature. The author gives the following asymptotic expression for cn 

S< =I'(1/3) © 2/3 0 1 2-1/6 » (4/2)2"4+1 . (2n+ 1)-4/8 ° (1 +w,), @,—0, 
which shows that the series is convergent even for the least root corresponding 
to p=0. 

R. W. Brink, Acting Secretary 





1 The symbol [K] denotes the largest integer which is less than or equal to K. 
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ON THE UPPER LIMIT TO THE REAL ROOTS OF 
AN ALGEBRAIC EQUATION! 


By GLENN JAMES, University of California at Los Angeles 


1. We consider the real equation, f(x) =x"+a,x""!+ - - - +a,=0, in which 
not all the coefficients are positive. 

A well known? upper limit of the roots of this equation is 1+G'/* where K 
is the number of positive or zero coefficients preceding the first negative term and 
G is the greatest of the numerical values of the negative coefficients. 

The essential steps in the derivation of this formula are: first, change f(z) 
into a more wieldy polynomial, equal to or less than f(x) for x positive, by dropping 
all the positive terms between x” and the first negative term and changing the 
coefficients of the latter and all subsequent terms into —G; second, simplify this 
new polynomial under the assumption that x is greater than unity, and drop a 
troublesome positive term, G (see Equation 2 below). Then find an m, (equal 
to 1+G"/*), such that this simplified polynomial is positive for x ;. 

This proof is in no way invalidated if in the first part we retain any positive 
term we choose instead of x" and discard whatever negative terms we can pair 
with preceding positive terms in such a way that each positive coefficient is 
equal to or greater than the numerical value of the corresponding negative 
coefficient. These modifications will in certain equations result in no reduction 
of the upper limit of the roots. However, equations may be written which will 
make the reduction arbitrarily large. An upper limit that is always lower can 
be secured by retaining the term, G. 

Upon the basis of these considerations we formulate the following theorem. 


THEOREM: If in the real equation f(x)=x"+a,x""!+ --- +a,=0, where 
not all the coefficients are positive, we strike out an arbitrary number of such pairs 
of terms as 

Gpx? and Ap_gx?*, a, 5 -_ | » Gpq<0, 
and if, in the resulting equation dn_mXx™, where @n_m+0, is any term preceding all 
negative terms, m—h is the power of the first negative term and g is the greatest of 


the numerical values of the negative coefficients, then each real root of f(x) =0 is less 
than any term of the sequence 


1+ (g/an—m)*!* ; o[1 + (g/an—m)!*] ; ob[1 + (g/an—m)'!*], > + 
o(x) = 1+ [(1 — 2-™ 1) g/a,_n]!*, x>1. 


where 


1 Presented to the Southern California Section of the Mathematical Association of America, Nov. 
6, 1926. 


2 See L. E. Dickson, First Course in the Theory of Equations. p. 21. 
3 Compare Pascal’s Repertorium (1910), vol. 1, p. 352. 
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Proor: Assuming that x is greater than unity we can write 
(1) fla) & @e-ne® — g(a" + oe +--+ = 
An—ma™ — [g(x™-*+1 — 1)/(x — 1)]. 
We now seek an x; (>1) such that x 5x, implies that 
(2) On_mx™(x — 1) — gx™ "1+ ¢>0. 
Dividing this by x”~*+! and transposing the g terms gives 


Ca-at* (x — 1) > g — ga". 


Since 

(3) | (w= 1)h4 S ght 

we can replace the above inequality by 

(4) On—m(% — 1)" > g — gaomtht 
which can be written 

(5) 2 >it [(1 — a-™l)g/anm]!!*. 
Obviously 

(6) 1+ (g/dn—m)"!* > [1 + (g/dn—m)/*], 


where ¢(x) denotes the right member of (5). That is, (5) is satisfied by 
*=1+(g/dn—m)!/*. It follows from (5) and (6) that 


[1 + (g/an—m)"/*] > o6[1 + (g/dn—m)*!*]. 


That is, (5) is satisfied by x=[1+(g/@n_m)!/*]. 
Similarly it is satisfied by x=$¢[1+(g/an_m)'/*] etc. 

Returning to (1) we see that if any value of x, greater than unity, makes the 
second member of the equality positive, all greater values of x do the same. 
Consequently x, equal to or greater than any term of the sequence 


1 + (g/an—m)*!* : [1 + (g/dn—m)*!*] } ¢¢1 [ + (g/dn—m))!*] pte GS 
makes f(x) >0, which proves our theorem. 


Corottary: The limit of the o sequence of the above theorem is either equal 
to or greater than the largest positive root of f(x) =0. 


Proor: It follows from the above theorem and the definition of a limit 
that the largest root could not be greater than the limit of the @ sequence. Hence 
we need only cite an instance in which the equality holds. 
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Let a be the limit of the sequence. Since the right member of the inequality 
(5) takes on the same sequence of values as x it also approaches a. Hence 


a=1+ [(1 ae a ™th-1) g/g, im [EA 


Thus @ is a root of the equation obtained by using an equality sign instead of 
the inequality sign in (4). 

Now in case h=1, the equality sign in (3) holds. Hence a is a root of the 
equation obtained by equating the left member of (2) to zero. 


Finally, if f(x) = dn-mx™ — g(x"? + am2?4+---+ 1) 


and if f(x) =0 has a root equal to or greater than unity, a is that root. Other- 
wise a@ is the root, unity, which was introduced in (2). 

2. Examples. The following examples illustrate the essential features of 
the above theorem. The first one shows gain over the results given by the classic 
formula, 1+G'/* and incidentally illustrates the corollary. The second example 
is a case in which the index of the radical in ¢(«) is increased by dropping pairs 
of terms. The third is a case in which the radicand in $(x) is decreased by the 
dropping of pairs of terms. Some gain always results from the use of the 
sequence, and the other features are not mutually exclusive: 

Example 1. x’—x?—x—-—1=0. Applying our theorem we find n=m=3, 
h=1, g=1 and a,_,»=1. Hence the sequence of upper limits is 


1+1;1+ (1 — 27%) = 15/8; 2 — (8/15)® = 1.8483 ; 
2 — (1.8483)-3 = 1.8416 ; 1.8399 ; 1.83944 ; 1.83932 ; 1.83931; --- 


The term 1.83931 is a root with four decimal places correct. Using the formula 
1+G'/*, we find 2 for an upper limit of the roots. 

Example2. x>+3xt—2x'+4x—32=0. Here we drop the binomial 3x4 — 22°. 
Then n=m=5, h=5, g=32 and adn-n=1. Hence the sequence of upper 
limits is 

1+ 32/5 = 3;1+42(1 — 3-)/5 = 2.84; 
1+ 2[1 — (2.84)-1]1/5 = 2.82;--- 


If we apply the formula 1+G'/* in this example we get 1+32!/?=6.657. 

Example 3. x'—2x*+22x'+60x?—73x+5=0. In this case we separate 
73x into 22x and 51x, then strike out the binomials 22x*—22x and 60x?—51z. 
The first term of our sequence of upper limits is then 3, while the formula 
1+G'/* applied to the original equation gives 74. In the above examples n 
was equal to m, but it is easy to select equations in which it is better to make 
m<n. The equation x*+ 15x>—16«*+4«'+«*—8=0 is such a one. As it stands, 
1+(g/an_m)'/*=5. After striking out the first three terms, 1+(g/an—m)!!* 
= 1421/8, 
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3. Comments. If one is seeking merely a simple method of determining 
a low upper limit in numerical cases, the best procedure would seem to be that 
of the following rule: Assume the upper limit of the roots of a given equation to 
be at least unity, modify the equation so that it can be easily solved (by annexing 
and dropping terms), in anyway whatever provided the highest degree term re- 
maining be positive and the value of f(x) for x51 be not increased. Then take for 
an upper limit of the roots of the original equation, the largest positive root of the 
new equation if it exceeds unity, otherwise take unity. The validity of the rule 
appears in its statement. It is pedagogically desirable because it offers no 
opportunity to “substitute in the formula” and requires versatility and common 
sense. Applying the rule to the above examples we change the three equations 
into x8—x*—x—2=0, x«5—32=0 and x'—2x‘=0, respectively. These give us 
2 for the upper limit! of the roots of each of the original equations. In such an 
equation as «5—x?+4x%—5=0, we can drop 4x —4 and replace the resulting —1 
by —x*. This gives «5—2x?=0; hence 2'/§ is our upper limit. 





THE GREEK IDEA OF PROPORTION 
By GEORGE W. EVANS 


There were three definitions of proportion known to the Greeks of Euclid’s 
time; one of these Euclid does not mention, and as to any logical connection 
between that and the other two that he does give, there is no explicit statement 
anywhere. 

Euclid’s two definitions are: 

Book V, Definition 5: 

Magnitudes are said to be in the same ratio, the first to the second and the third to the fourth, 
when, if any equimultiples whatever be taken of the first and third, and any equimultiples whatever of 
the second and fourth, the former equimultiples alike exceed, are alike equal to, or alike fall short of, 
the latter equimultiples respectively taken in the corresponding order. 

Book VII, Definition 20: 

Numbers are proportional when the first is the same multiple, or the same part, or the same parts, 
of the second that the third is of the fourth. 


The second of these two means that integers are proportional when the first 
is the same multiple or the same rational fraction of the second that the third 
is of the fourth. 





1 The upper limits 2, 5 and 3 are given for the three equations, respectively, by the familiar method 
of taking unity plus the largest quotient obtained by dividing the numerical value of each negative 
coefficient by the sum of all preceding positive coefficients. Obviously these are larger than the corre- 
sponding limits given by either method of this paper, except that the same result is obtained in the 
first by the above rule. 
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The other definition is found in Aristotle.' He is illustrating the importance 
of definition, and says of a certain geometrical figure “the areas and the lines 
have the same antanairesis, which is the definition of ‘the same ratio.’” Some 
five centuries or so later, a theologian named Alexander of Aphrodisias, hav- 
ing a little time to spare from discussions of higher things, undertook to explain 
whatever might be obscure in Aristotle; when he came to this subject he said 
“magnitudes are proportional to each other which have thesame anthyphairesis,” 
and he gave antanairesis as Aristotle’s synonym. The word anthyphairesis 
is used by Euclid in a different context, and is translated both by Heiberg and 
by Heath as “subtracting in turn.”? 

Heiberg says that Euclid’s Definition 5 is a careful and exact paraphrase of 
_ antanairesis, and appears to be of Euclid’s own devising. On the other hand 
Heath thinks that Definition 5 is due to Eudoxus, for “it is difficult to see how 
any mathematical facts could be deduced from such a definition” as antanairesis. 

It is fortunate for us that the Greek writers of that golden age were so 
steeped in mathematics that they could not even talk politics without referring 
to it. There is a passage in Plato where Socrates’ is explaining the desirability 
of teaching arithmetic to budding politicians, “for finding out things, not for 
commerce.” These words of Plato come so pat to our need that we must be 
careful to have our interpretation of them sound. I give not only Jowett’s 
translation, but also the original, and an attempt at a more literal translation 
for which I am solely to blame. 

Jowett: “You know how steadily the masters of the art repel and ridicule 
anyone who attempts to divide absolute unity when he is calculating, and if you 
divide, they multiply, taking care that one shall continue one and not become 
lost in fractions.” 

More literally: “Yes, for you know the terrors at these things, how if any- 
one for his ratio attempts to cut the one itself, they jeer and refuse to accept it, 
but if you do split it, they multiply it, taking care lest ever the one appear not 
one, but many fragments.” 

The Greek: 

Oicba yap mov rovs repli raidra dSevovs, ws av Tis abrd TO ev éwexerpy TS NOYH 
Téuvew, KaTayed@ol re kal ox adrodéxovrat, add’ édv od Kepuarifys aird éxeivor 
TodXaTAacwovau, evAaBovpevor uNtote avy Td év ur ev GAG TOAAG popta. 

If Socrates was thus finding the measure of a line without “cutting the unit 
for his ratio,” as in finding the length of the diagonal of a unit square, he would 
necessarily proceed as follows: Supposing AB (Fig. 1) to be the diagonal, and 





1 See Heath’s Euclid, vol. 2, p. 120. 
2 Euclid, X, 2 and X, 3. 
§ Republic, Bk. VII, 525 fin. 
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AX the (unit) side, lay off AX on AB, 
X coming at X,; X,B then turns out to 
be smaller than AX, and the rest of AX 
is used for a second measuring of AB, 
so that X this time falls at X2; and X2B, 
the remainder of AB, is again too small 
to contain the whole of AX, X; being 
therefore located on the third trip along 
X4 AB. Continuing in this way, on the 
seventh application of the unit he will 
Xz have a rather small remainder X;B; if 

he ignores that he can say that he has 

A B _scovered the diagonal 5 times in apply- 

Fic. 1 ing the unit 7 times. Thus he would 
have found for 4/2 the approximation 7/5, familiar of old. 

Here we have the “subtracting in turn”; first the unit from the diagonal, 
then the remainder from the unit, then that remainder from the diagonal, 
then that remainder from the unit. We also have the process involved in Euclid’s 
Definition of Equal Ratios, for we are comparing multiples of the unit with 
multiples of the diagonal. It is as if AB (Fig. 2) were marked off successively 








B, Bz B3 Ba Bs 
At } l 1! i 
ios en" 7" T T T rT 
XxX, X2 X3 x4 Xs X6 Xr 
Fic. 2 
on one line, and then AX; so that B,, Bz, Bz, - - - , would terminate multiples 
of AB, and Xi, X2, X3,---, would terminate multiples of AX. Euclid’s 


definition practically says, therefore, that the ratio of AB to AX is the same as 
the ratio of two other magnitudes, say P and Q, if all the approximate measures 
of AB in terms of AX are the same as the approximate measures of P in terms 
of Q. , 
This way of measuring one line with another suggests also the method given 
by Euclid' for finding the greatest common divisor; and therefore the approxi- 
mations successively obtained by supposing each next smaller remainder to 
be zero are actually the convergents of the continued fraction in which the ratio 
may be developed. There are many places in the surviving texts where the 
Greek computers give approximations that forcibly suggest continued fractions, 
with which they were of course unacquainted. 

Two well known examples of this kind are quoted by Heath? from Aristarchus 





1 Book X, Prop. 3. 
* Heath’s History of Greek Mathematics, vol. 2, pp. 11, 15. 
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of Samos; in his discussion of lunar eclipses he gives for the ratios 7921:4050 
and 71755875:61735500 the approximate values 88/45 and 43/37, respectively. 
Heath says “it is difficult not to see in 43:37 the expression 1+1/(6+1/6) which 
suggests --- a continued fraction.” It turns out that we need not apologize 
for seeing it. If we apply the subtracting-in-turn idea,—there is no reason why 
it should not be applied to numbers,—and forget the fifth remainder in the first 
ratio and the third remainder in the second ratio, we get, as we ought, the 
approximations that looked so suspicious. 





ON A SET OF PROBLEMS RELATED TO THE PROBLEM 
OF APOLLONIUS 


By P. H. DAUS, University of California at Los Angeles 


1. Introduction. The famous problem to construct a circle tangent to 
three given circles is discussed by Coolidge! from several distinct viewpoints. 
The problem is likewise discussed with more or less detail in several of our 
texts? on College Geometry, where the ten special cases, arising from allowing 
some of the circles to become points or lines, are exhibited. 

It is the purpose of this paper to replace some or all of the conditions of 
tangency by the condition of orthogonality. Some of the resulting problems are 
conspicuously displayed in texts, others are implied and still others may be 
found scattered among sets of exercises, but the author does not know one book 
where they all appear. It is the aim of the author to collect them here, to il- 
lustrate a group of problems which utilize the same special methods developed 
to solve the original problem. We shall find however, that some of the solu- 
tions are as interesting as the solution of the problem of Apollonius itself. 

2. Notation. The problem will be indicated by a symbol similar to 
P,0.T;. P; means that the required circle is to pass through 7 points;0O;., that the 
required circle is to be orthogonal to j circles; and T;., that it be tangent to k 
lines, etc.? The problems, omitting the trivial cases and duplications of the ten 
problems referred to above, can conveniently be divided into three groups, ac- 
cording as the required circle is orthogonal to three circles, two circles, or one 
circle. 

3. Orthogonal to three circles. The special cases are (1) O3-; (2) P:O2; 
(3) P,O.. The solution in each case is the radical circle. The methods of finding 
it are well known, but the uninitiated may consult the texts already cited.‘ 





1 Coolidge, J. L., A Treatise on the Circle and the Sphere, ch. 3. 

? Godfrey and Siddons, Modern Geometry, pp. 83-84. For full details, see Altshiller-Court, College 
Geometry, pp. 173-181. 

3 Where j or k is equal to 1, it is omitted. Thus O, is written instead of O,, and T; instead of Ty. 

* Godfrey and Siddons, p. 89; Altshiller-Court, pp. 171-172. 
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4. Orthogonal to two circles. The problems of this group lead to the 
special cases of the problem of Apollonius indicated by the symbols P27; and 
P.T,. However, here the two points may be given by the intersection of a line 
with a circle or of two circles, and the solution is real even if the two points are 
not. Before we restate the problems, let us recall certain properties of coaxal 
circles. 

If A and B are two points such that the tangents from them to two circles 
are equal, then the line AB contains all such points, and is called the radical 
axis of the circles. All circles which have the same radical axis, have their 
centers on a line perpendicular to the radical axis, and are said to be coaxal. 
Coaxal systems may be of two types. A system of the first type is such that all 
the circles have two real points in common; and that of the second is such that 
the circles have no real points, but two finite imaginary points, in common. In 
this case, there are two real point circles belonging to the system, known as the 
limiting points, Z;, Z2. This system is characterized by the fact that every 
circle of the system is orthogonal to the circle on LZ, as diameter. Associated 
with a system of either type is a system of the other type, such that the common 
points (real or imaginary) of one are the limiting points of the other, and such 
that every circle of one system is orthogonal to every circle of the other system. 

Because of these properties we may conveniently re-word the problems to 
read :—(a) Draw a circle of a coaxal system tangent to a given line. (b) Drawa 
circle of a coaxal system tangent to a given circle. If the two given points are 
real, we have a system of the intersecting type, otherwise of the non-intersecting 
type. The solutions below are so worded that they hold for both cases. 

(a) Draw a tangent OP, from the intersection (O) of the given line with 
the radical axis of the system, to any circle of the system. On the given line 
locate 7, such that OT =OP. A perpendicular to the line at T will cut the axis 
of the system in R, which is the center of the required circle, RT being the re- 
quired radius. 

(b) Draw any convenient circle of the system to cut the given circle, whose 
center is G, in P, Q. Let PQ cut the radical axis of the system in O, and OT be 
tangent to the given circle. GT will cut the axis of the system in R, which is 
the center of the required circle, RT being the required radius. 

5. Special cases. The special cases are (1a) O2-T1; (1b) OoT.; (2a) OP:T:; 
(2b) O.P,T.; (3a) O.P:T1; (3b) O.P:T.; (4a) O.0:T1; (4b) O.0:T,. The solution 
in each case is a circle of the associated coaxal system, which may readily be 
constructed using the fundamental orthogonal property of such systems, and 
then (a) or (b) may be applied as the case indicates. In each case there are two 
solutions. 

6. Orthogonal to one circle. If this one circle is a straight line, the sub- 
cases are (1) O,7;T.; and (2) O.72.; and by reflection on this line, the problems 
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reduce to special cases of the problem of Apollonius. In the first case we must 
solve T2:7., which readers may recall, can be solved by the method of translation 
reducing it to T2:P1, and then using the method of similar figures, although the 
last part could be replaced by P27), that is (a) above. In the second case it is 
convenient to reduce one circle to a point before reflection and then we may 
apply (b) above. There are four solutions. 

The remaining cases are (3) O.T2; (4) O.T2; (5) O.T.T:. For the case 
(3) O.T2, the given circle G and the bisector } of the angle between the lines, 
define a coaxal system. The required circle belongs to the associated system, 
since it is orthogonal to both 
band G. Hence it can be con- 
structed by use of (a). This 
problem well illustrates the 
necessity of considering the 
problem of P:T,; when the 
points are not real, for even —<-—- 4 
if the bisector does not cut 
the circle G, we get real so- 
lutions. The figure shows the 
construction when one bi- 
sector cuts the given circle 
and the other does not. There Ficure for O.Tx 
are four solutions. 

The method of inversion could have been applied to some of the problems 
above, but without gaining any advantage. In the case of (4) O.T2. however, 
inversion simplifies the analysis. If the required circle is orthogonal to C; and 
tangent to C, and C;, we may invert with respect to any point on Ci, which 
reduces the problem to O,7T:, already considered as (2) of this group. Or again, 
if we invert with respect to the circle C,, the required circle will be tangent to 
C2, C; and their inverses, and hence we have the problem of Apollonius itself. 
The first method indicates clearly the four solutions. We might suspect eight 
solutions due to the second method, but if we note that the contacts of the 
required circle with C; and its inverse are of the same type, we see that there 
are but four solutions. 

The solution of the remaining case (5) O.T.T), is similar to case (4). 
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THE ANALYTIC DETERMINATION OF THE AREA OF 
A TRIANGLE IN TERMS OF ITS SIDES 


By K. P. WILLIAMS, Indiana University 


It is an interesting problem in the theory of functions to find an explicit 
expression for a function from its general properties. Thus we obtain the 
factor form for sin x from a knowledge of its zeros, and a series of fractions for 
cot x from a knowledge of its poles. In each case a delicacy of analysis is re- 
quired in order to determine completely the desired expression, and it is 
necessary to know something about the function in the entire complex plane. 

One can adopt a similar point of view towards a formula that gives the 
area or volume-of a geometric figure, or one side in terms of other sides and 
angles. A difficulty now arises. The geometric configuration exists only for 
certain values of the variables, but the formula has an analytic sense for 
unrestricted ranges. There is consequently a question of uniqueness if a 
geometric formula is thought of in the broad unrestricted light of function 
theory. In this note we shall examine the area of a triangle as a function of 
its sides from the point of view of analysis. 

Let the sides of the triangle be x, y, and z, and denote the area by A. We 
wish an analytic expression for A in terms of x, y, and z. The variables 2, y, z 
are restricted to positive or zero values. But they are not independent, since 
the relation |y—z|<a«< |y+2|is to be satisfied. For a given y and z the excepted 
values of x are then of two types: (1) negative and complex values, (2) certain 
positive values. There is a distinctly different origin for these two exclusions. 
The first arises from the fact that we are concerned with lines; the second from 
the fact that the lines must form a triangle. It can be expected that the formula 
that gives A will not react in the same manner if numbers of the first and second 
excluded classes, respectively, be substituted. One does not care what the result 
of substituting a number of the first class may be. But one does expect that the 
value of A for an excluded positive value of x will itself indicate that no triangle 
exists for such a value. This leads to the postulate: 

If positive values for x, y, z, that are inconsistent with x, y, z being the 
sides of a triangle, be substituted in the formula that gives the area A, the 
value found for A must be either negative or complex. 

Other properties of A are obvious geometrically. 

(1) A must be symmetric in x, y, and z. 

(2) If y and z are regarded as fixed, A must have real positive values for 
ly—z|<x<y-+sz. 

(3) A must vanish for «= |y—z| and x=y-+z. 

(4) If x, y, z are all multiplied by &, A must be multiplied by &?. 

By considering a right triangle we have the boundary condition, 

(5) If x?=y?+2? we must have A = }yz. 
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We construct a function F(x, y, z) that satisfies the postulate and the five 
conditions. Write 


F(x,y,2) = (y +2— x)(% — y + 2)f(x,9,2). 


Changing the variables cyclically, we obtain 


F(y,2,") = (e+ «4— y)(y—2+ x)f(y,2,2). 


Since we must have F(x, y, z)=F(y, z, x), it is seen that y—z+a must be a 
factor of f(x, y, z) and y+z—w a factor of f(y, z, x). But y+z—- is obtained 
from y—z+« by the cyclic change. 

Write then 


S(x,y,2) = (y — 2+ x)o(x,y,2), 
so that 


F(x,y,2) = (y+2— x)(x — y+2)(y — 2+ x)o(x,y,2). 


Since the first three factors on the right form a symmetric quantity, it 
follows that (x, y, z) is symmetric. If x, y, z be replaced by kx, ky, kz, the 
first three factors on the right are multiplied by &*. This suggests that it may 
be possible so to determine ¢(x, y, z) that F(x, y, z) gives A? and not A. We 
can write 


F(x, y,2) - (x? sits y? — 3? + 2yz)(y + a= x)o(x,¥, Z). 
Substituting x? = y?+2? we see that (y+z—x)¢(x, y, 2) must =(yz)/8 when 
x? =y?+2?, 
The simplest choice is obviously $(x, y, z)=(y+z+x)/16. It follows that 
the function 3[(y+z—x)(x—y+z)(y—z+x)(x+y+z)]!/? satisfies conditions 


(1).... (5). It also satisfies the postulate, since for x < |y—z| or x>y+z the 
function has an imaginary value. It is to be noted however that for — |y+z| <x 
<-—|y—z| the function has a real value, and vanishes for x= —|y—z|, and 
x=—[y+z]. Since, however these values of « are themselves totally inapplic- 


able to any triangle, the fact does not, in accordance with the remark made 
before, arouse suspicion against the formula. 

It remains to investigate the uniqueness of the function. For this purpose 
we consider 


tl(y +2 — x(x — yt+-2)(y — s+ x)(x + y + 2)]"Y(x,y,2). 


That some of the conditions would be satisfied by various choices of yp is 
obvious. For instance if we put 


V(x, y,2) = e*, where p = (x? — y? — 2)(y? — 2? — x?)(2? — 2? — y?), 


we shall have a function that satisfies (1), (2), (3), (5), and which furthermore 
has no positive zeros other than those given in (3). 
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In order to be consistent with (4) it is necessary that y(kx, ky, kz) =(x, y, z). 
Consider x, y, z as the rectangular coordinates of a point. It is evident that 
there is a bundle of rays lying in the positive octant forming a cone shaped 
solid, having the vertex at the origin, such that the coordinates of every point 
on one of the rays, and only the coordinates of such a point, can be the sides of 
a triangle. The last equation written shows that the function (x, y, z) is 
constant along any one ray. Assuming that y(x, y, 2) is continuous for 
x=0, y=0, z=0, we see that ¥(x, y, )=constant. By considering a right 
triangle, it is found that the constant is 1. We therefore conclude that the 
area of the triangle is 


A=}3[(yt+s—a)(x-—y+2)(y—s+a)(xa+ y4+2)]!”. 


It could have been expected that in addition to the conditions (1), - - - , (5) 
some other condition would need to be added. The restriction imposed is very 
mild and suffices to remove ambiguity. 





QUESTIONS AND DISCUSSIONS 


EpItep sy H. E. BucHanan, Tulane University, New Orleans, La. 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the separate department of Problems and Solutions. 


DISCUSSIONS 
I. A Typr or FunctTION WitH k DISCONTINUITIES 


By RayMonpD GARVER, University of Rochester 


Professor Pierpont, in his Theory of Functions of Real Variables, gives an 
interesting expression! for a function which has the following properties: (I) 
It is defined for x=0. (II) It represents one arbitrary function in 0<* <1, and 
a second arbitrary function when x>1. (III) It is, in general, discontinuous 
at x=1. (It is the third property which I am particularly interested in here, 
though Pierpont stresses the second and does not mention the third.) The 
expression is 





wee x"f(x) + g(x) 
? no a + 1 


where f(x) and g(x) are supposed to be defined in the necessary intervals. We 
clearly have y=g(x) when x<1, y=}[f(x)+g(x)] when x=1, and y=f(x) when 
x>1. Property (III) follows, and of course there may be other discontinuities 
arising from the f(x) and g(x). 





1 Volume 1 (1905), p. 204. 
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We can extend the above to define a type of function possessing the first 
property as above, and two others which are extensions of (II) and (III). The 
function is, in general, discontinuous at x=1, 2, - - - , k, (k any positive integer) 
and this seems to me to be its most interesting property. Further, it represents 
(k+1) arbitrary functions in different parts of its interval of definition. The 
expression for the function is 


x" x3\" a* n 
a"fi(x) + (=) fo(x) + (=) fhe) + <> ++ (=) Sx() +fo(x) 
F(x) = lim: 


oni xn x3\n xk\n 
“+@)*G@)e 9G 
where it would be more compact, but perhaps less clear, to employ summations. 
We now have at once 
F(x) = fo(x), 0S « <1; and F(1) = $[fo(1) + f(1)]. 
Dividing numerator and denominator by x", and letting m approach ©, we 
obtain 





F(x) = fi(z), 1 < «<2; and F(2) = 3[fi(2) + fa(2)]. 
Multiplying numerator and denominator by (2!«-*)", and letting » approach 
0, we have 


F(x) = fo(x), 2< % <3; and F(3) = }[f2(3) + fs(3)). 


And in general 
F(x) = fix), t<xe<iti, +=1,2,3,--+-,k—1. 
F(i + 1) = 4[fi + 1) + farli + 1). 
F(x) = fi(x), A < =. 


II. A Note ON QUATERNARY Forms 
By Crarporn_E G. Latmer, Tulane University 
In a recent paper’ E. T. Bell showed that if ¢(x’) = bex{? +acxj* +abxj* then? 
[x + o(x’)] [ye + o(y’)] = 2? + o(2’), where 
Zo = xoyo — bex'y’ — acxd yz — abxg ys , 
(1) Zi = xoyi + x1 yo + a(xe ys — xs yz), 
az = xoyd + x2 yo + b(xs yi — xi yd), 
ai = xoys + x3 yo + c(xi ys — x2 yt). 





1 Annals of Mathematics (2), vol. 27, p. 99. 
* Throughout this paper x, x’, y, y’, z, 3’, s represent respectively the sets of variables (x, x2, xs), 


(xt, 2, x3), Rates (s1, Sa 53). 
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This is a special case of the following result, due to Hermite.’ Let |a,;| be 
the general symmetric third order determinant and let A,; be the cofactor of a,;. 
If F(x) =D j-:A iets, f(x) =Lij-raiex;, FO(x) =40F/dx;, f(x) =40f/dx;; 
then 


[x# + F(x) ][y# + F(y)] = 3? + F(@), where 20 = toyo— DS x FC), 


21 = Xoy1 + X1Y0 + f(s), 22 = Xoye + X%2Vo + f(s), 
23 = Xoy3 + X3Vo + f(s), 


$1 = X23 — X3¥o, Se = X3V1 — X1Y3, S3 = X12 — X41. 


(2) 


In his paper, Bell suggested that it might be possible to obtain Hermite’s 
formulas, (2), by methods similar to those he used to derive (1). The object 
of this note is to show that Hermite’s result may be deduced, by elementary 
methods, directly from Bell’s formulas quoted above. Let |a,;|=D. To F(x) 
apply the transformation 


, Ai F a3 ; 

“n= 2-H + ei 
11 233 
223 

(3) 2 = xf + —xs 
233 

%3 = x3 


Apply to F(y) the same transformation, the new variables being y/. It will 
be found that F(x) becomes ¢(x’) with a=D/ay, b=ay,D/As, c=Ax/D. 
Then 


[x + F(x) ][y? + F(y)] = [x + o(2’) | [v2 + o(y)] = 22 + ¥(2’), 


where the z/ and 2 are given by (1) after replacing a, b and c by the expressions 
above. To ¢(z’) apply the inverse of the transformation (3), letting the new 
variables be z;. The resulting form is of course F(z). The z; may be expressed 
in terms of x,, y; by means of (1), (3) and the two sets of equations obtained 
from (3) by replacing the x’s by the corresponding y’s and by the corresponding 
z’s. It may be verified that the resulting expressions for the z; may be written 
as in (2). Hence we have Hermite’s result. 

Bell’s formulas (1) were derived from the well known result of Euler’s that 
the sum of four squares repeats under multiplication. It follows that Euler’s 
result, which is apparently a special case of Hermite’s, is equivalent to the 
latter. 





1 Bachmann, Die Arithmetik der Quadratischen Formen, 1. Abt., p. 13. 
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III. THE ORIGIN OF THE NAME OF THE DEVIL’S CURVE 
By Emite Boret, Professeur a la Faculté des Sciences de Paris 


A la page 199 du “The American Mathematical Monthly” on demande 
pour quelle raison les géométres francais ont donné 4 une certaine courbe le 
nom de la “courbe du diable.” 

Je crois que cette raison est fort simple: On désigne, en effet en France, 
sous le nom de “diable” un jouet qui est formé par deux toupies juxtaposées. 

Ce jouet trés ancien était passé de mode et il a eu un renouveau il y a une 
vingtaine d’années, sous le nom italien de “diabolo.” 

La courbe en question dessine assez exactement la section de ce jouet qui 
a la forme d’une surface de révolution. 


IV. Is THERE A STUDENT STANDARD OF TRUTH? A REPLY 
By Wit.1am F. Oscoop, Harvard University 


To the Editors of the MonrTHLY: 

Professor Huntington! understands my words: “what, to the student, 
truth is” as tampering with the truth—setting up different standards of truth 
for mathematicians of different degrees of advancement in their science. I 
cannot grant that this interpretation is justified when one reads the whole 
letter. To enable the readers of the MONTHLY more easily to judge for them- 
selves, I should like to point out precisely what the question at issue is. 

First, as regards the mathematical material under discussion, it is necessary 
to review the case, since Professor Carver’s note may create a wrong impression 
in the minds of some readers concerning the basis of Professor Ettlinger’s 
criticism of Professor Woods’s book. 

Professor Woods is dealing with the sum of positive infinitesimals, 
Qi+a2+ ---+a,, and a similar sum, 8: +62+ ---+8n,. In the statement of 
the theorem, one of his hypotheses is that lim, 8;/a;=1. Let 8;/a;=1+6;, or 
8;=a;+e;a;. Then the student naturally interprets the hypothesis as meaning 
that lim,.. €¢;=0, no matter how i varies with m. This is the interpretation 
which the author intended, and on this interpretation is based an entirely 
correct proof of the theorem. 

Now, if one demands less than the above; if one requires that ¢; approach 
0 when i varies in a somewhat restricted manner with , one can get a wrong 
theorem. Professor Ettlinger’s whole criticism is based on the fact that Pro- 
fessor Woods did not formulate a difficulty which the student does not ex- 
perience. What the student understands from Professor Woods’s words is truth. 





1 E. V. Huntington, Is there a student standard of truth?, this Monthly, vol. 34 (1927), pp. 320-321. 
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The misunderstanding Professor Ettlinger fears is falsehood—which Professor 
Ettlinger is anxious to correct. 

Turning now to Professor Huntington’s charge, I would say that there was 
no question in my mind of “one standard of truth for a student, and another 
standard of truth for a master of the science.” It is not an ethical question— 
honesty against dishonesty; the whole truth vs. a garbled statement. Professor 
Huntington is wrong at this point. He has picked out a half line from my 
letter and has put an interpretation on it which a careful reading of the letter 
as a whole would not bear out. My words: “what, to the student, truth is” 
were intended to express the extent of his understanding, the amount of light 
which breaks through on him, the depth of his insight, first things being put 
first. We all agrée that a false statement is unjustifiable, no matter what the 
motive. But to make a true statement is not necessarily to create a true im- 
pression, or any impression at all. To reveal the truth to the student, it is 
necessary to focus his attention on the big, essential thing which he can and 
must understand at that stage of his work, omitting niceties which mean little 
or nothing to him. 

Professor Huntington will say: “Ah, but that is pedagogy. I am talking 
about scientific truth.” It was to meet this reply that I set forth the mathe- 
matical material under discussion at the beginning of my letter. Problems of 
abstract truth may interest the philosopher. The question at issue is whether 
the truth has suffered at the hands of Professor Woods. 

Wi.iiAm F. Oscoop 


V. A NOTE ON THE COMPUTATION OF ARITHMETIC ROOTS 
By Otto DUNKEL, Washington University 


The iterative formula for the approximation of numerical roots derived by 
Uspensky in the March number of this Monthly! was given by Peter Barlow in 
his New Mathematical Tables, London, 1814, p. 259. There is a misprint in the 
denominator of his formula for x1/". On pages xvii and xx are derivations of the 
formula for the cases m =2, 3. Other methods are given with numerical illustra- 
tions. There is no reference to an earlier mention of this formula, and, since 
Barlow gave references for other formulae, it is to be presumed that he knew of 
no earlier knowledge of it. 

This formula may be described as an iterative one of the third degree. It 
is an easy matter to derive in a variety of ways a large number of such formulae 
of degrees extending from two upward and to obtain expressions for their 
respective errors. A large number of these formulae may be obtained from the 
long known method of approximations to the roots of algebraic equations 





1J. V. Uspensky, Note on the computation of roots, vol. 34 (1927), pp. 130-134. 
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described in this journal! in the solution of problem 2803. For, if s is taken as 
an approximation to N'/" and ~ is the error in s, the binomial theorem gives 
this equation for x: 


n(n — 1) 
0 = (s* — N) + ns™1x2 + a +--+: + 2*. 


Then, with the notation in that solution, a.=s"—N, a,=ms"—!, - - - , and hence 
s—aoD(m)/D(m+1), where D(m) is the determinant defined on page 229, gives 
an iterative approximation of the 2nd, 3rd, 4th,---, degree according as 
m=0, 1, 3,---. The first of these is the well known rule of Newton or Raphson, 
the second is the one given by Barlow and Uspensky, while the others are more 
complicated but of higher and higher degrees as m increases. 

As to approximations of the second degree one may easily obtain the 
following : 








N — s* N — s* 

(1) eee (3) ee mT 
N-—s* N-—s* 

2) sieht iia o . eae 


Of these the first two are of most interest. They may be stated as follows: 
Starting with a number s as an approximation to N'/", we find the percent of 
error in s"; then the approximate percent of error in s is 1/nth of this power 
percent. Add to s this last percent times s for a better approximation and repeat 
the process with this second approximation to find a third, and so on. If the 
percent of error in s" is computed with respect to s", we obtain, after removing 
a factor s from the numerator and denominator, the first formula which gives 
a result too large. If the percent is reckoned with respect to N, we obtain 
the second which gives a result too small. A combination of the expansions 
which give two of these formulae may be made so as to remove the error term 
of the second degree, and we then fall upon the rule of the third degree men- 
tioned above. 

The first rule may also be written in the form of an average which is easy 
to remember and convenient for computation: 


[(m —1)s +q]/n, where g = N/s™. 


In this form, a person with only a moderate knowledge of arithmetic and 
medium intelligence will perceive in the process a good and simple way for 
approximating a root. The rule may be stated thus for cube root. In order to 
find N‘/3 we try a number s; we raise it to the second power and we divide 


1 Vol. 33 (1926), p. 229. 
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N by this power, obtaining the quotient g. If g=s then s is the exact root. If 
q is larger than s then s is too small and qis too large, and conversely. In this 
case the root lies between s and g and we instinctively take for the next trial 
an average of s and q, but since s is used twice and gq only once in the product to 
produce N we take the weighted average (2s+q)/3. Each new quotient q gives 
an estimate of the correct figures in s used to produce it, while the average will 
in general give twice as many correct decimals ass. This fact may be verified by 
the next step of division and averaging.! This admirably simple and ancient 
rule is worthy of a place in elementary instruction, yet no text mentions it. More- 
over, it furnishes the simplest way of generating two sequences of numbers which 
may be used to define N'/". For it may be shown that the two sequences con- 
verge toa common limit and that the sequences formed by the mth power of 
their terms converge to NV. Inan interesting paper by A. Hurwitz, Ueber die 
Einftihrung der elementaren transzendenten Funktionen in der algebraischen Ana- 
lysis, Mathematische Annalen, vol. 70(1911), pp. 33-47, this rule is used in 
this manner as a basis for the development. The application of this rule to 
square root is attributed to Newton. 


VI. A StwpLe DERIVATION OF HuTTON’s FORMULA 
FOR THE COMPUTATION OF Roots 


By Roy F. Newton, Purdue University 


Mr. J. V. Uspensky? has described the use of Hutton’s formula and given a 
derivation of it, stating that, while the method was probably not new, he was 
unable to find any reference to it. Davies and Peck describe the method and 
attribute it to Hutton, but give no derivation of it. I have been unable to find 
the original of Hutton’s work or any derivation other than Uspensky’s. Perhaps 
the following derivation by the author may be of interest. 

It is easily found by inspection and trial of the equation 


(1) 51 = s{(ax + s*)/(a + xs*)] 


that, if s is an approximate value for 0, the mth root of a, s; is a still better 
approximation, when x>1. If we write s=0(1+e) and s,=0(1+e’), then 
\e’/e| <1 for x>1. For x nearly equal to 1, e’/e is positive and nearly equal to 1, 





1 See Glenn James, A rapid method of approximating arithmetic roots, this Monthly, vol. 31 (1924), 
pp. 471-475; also Otto Dunkel, A simple rule for extracting any root of a number, School Science and 
Math. vol. 18 (1918), pp. 19, 20, and A graphical representation of approximations for square roots, ibid. 
vol. 18. (1918), pp. 621-625. 

2 J. V. Uspensky, Note on the computation of roots, this Monthly, vol. 34 (1927), pp. 130-134. 

8 Davies and Peck, Mathematical Dictionary and Cyclopedia of Mathematical Science, under “Extrac- 
tion of Roots,” p. 242. (1876, A. S. Barnes and Co.) 
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and for x very large, e’/e is negative and nearly equal to —1 ; we shall determine 
the value of x for which e’/e is small when e is small. Solving (1) for x: 





. sttl — sua a (Ai+te-—1-e’ 2 
i ss*—sa (1te)(ite*—1—e 
(m + 1)e + (m + 1)me?/2 + (m + 1)n(n — 1)e8/6+---—e’ 





(n — 1)e + (m — 1)me?/2 + (m — 1)n(m — 2)e7/6+ +--+ +e + nee’ +--+ 
When both e and e’/e are small, we obtain x =(w+1)/(m—1). Substituting in 
(1) and clearing of fractions, we obtain 

(n + 1)a + (nm ~ 1)s” 
~ “(n— 1a + (w+ 1s" 
for which, when e is small, e’/e is also small. 


To estimate the error in s,, we shall substitute s=@(1+e) and s;=6(1+¢e’) 
in (3), obtaining 





(3) $1 


n+1+mne+te+(n—1)(1+.e)"* m 

(4) n—1+ (n+ 1)(1 + e)” 
2n+(n+1)ne+(n+1)n(n—1)e2/2+(n+1)n(n—1)(n—1)e?/6+(n+1) - - - (n—2)(n—1)e*/244+- --- 
2n+(n+1)ne+(n+1)n(n—1)e/2+(n+1)n(n—1)(n—2)e3/6+(n-+1) - + + (n—2)(n—3)e4/24+ --- 
= 1+ (nm + 1)(m — 1)e3/12 — (nm + 1)(m — 1)e*/8 + terms in é and higher, 





1+e’= 





or when eé is small, e’ =(m?—1)e?/12, from which it is evident that for com- 
paratively small values of , the new value of the root has about three times as 
many correct decimal places as the preceding one. 


VII. ON THE RELATIVE ACCURACY OF SIMPSON’S RULES AND WEDDLE’S RULE 
A QUESTION 


By RayMonpD GaRVER, University of Rochester 


In the March number of this Monthly! Professor Scarborough makes the 
unqualified statement that the accuracy in Weddle’s rule is very much greater 
than that in Simpson’s rules. Hence I have thought it would be interesting to 
call attention to the following exception. 

Calculating S.A +a2)-"dx by Weddle’s rule and Simpson’s one-third rule, 
we have 


Correct value 7853982 
Simpson’s rule .7853979 (using 7 ordinates) 
Weddle’s rule .7853996 (using 7 ordinates) 


Is this a case of exceptional accuracy for Simpson’s rule, or just the reverse 
for Weddle’s rule? 
1 Vol. 34 (1927), pp. 135-141. 














370 ACCURACY OF SIMPSON’S RULES AND WEDDLE’S RULE [Aug.—Sept., 


VIII. On THE RELATIVE ACCURACY OF SIMPSON’S RULES AND WEDDLE’S RULE 
A REPLY 


By J. B. Scarsoroucu, U. S. Naval Academy 


In order to explain the unexpected result found by Mr. Garver,! it is well 
to go back for a moment and consider the foundation of the process of interpola- 
tion on which the process of approximate quadrature is based. The theoretical 
validity of interpolation formulas, and hence of all approximate quadrature 
formulas derived from them, rests on the famous theorem of Weierstrass which 
states that any continuous function can be approximated over an interval, to 
any desired degree of accuracy, by a polynomial. The accuracy of the ap- 
proximation in any given problem depends (a) upon the nature of the function 
under consideration and (b) upon the magnitude of the interval h between the 
equidistant values of the independent variable. The particular function 
y =(1+.*)-!, considered by Mr. Garver, happens to be one which is poorly ap- 
proximated by a polynomial unless the interval / is taken very small. In fact, 
this function is the one used by writers on interpolation—Runge, Steffensen, 
and others—to illustrate the failure of interpolation formulas when applied 
over too wide an interval. 

In the example cited by Mr. Garver the value of / is small enough to allow 
the function to be represented over the given interval by a Taylor series, but 
the series is slowly convergent. The following table of differences shows even 
more strikingly how poorly this function is represented by a polynomial for 
the value of / which he used. 

y Ay Aty Aty Aty A‘y Aty 
1.00000000 
0.97297297 —0.02702703 
0.90000000 —0.07297297 —0.04594594 
0.80000000 —0.10000000 —0.02702703 +0.01891891 
0.69230769 —0.10769231 —0.00769231 +0.01933472 +0.00041581 


0.59016393 —0.10214376 +0.00554855 +0.01324086 —0.00609386 —0.00650967 
0.50000000 —0.09016393 +0.01197983 +0.00643128 —0.00680958 —0.00071572 +0.00579395 


It will be observed that the succeeding orders of differences decrease so 
slowly that the third differences cannot be considered constant beyond the 
second decimal place. Even the sixth difference is one-third as large as the 
third differences, and we should therefore not expect Weddle’s rule to give 
much better results than Simpson’s in this example. If we take h=1/12, 
compute the corresponding values of the function, and form a table of differences, 
we find that the third differences are not constant beyond the third decimal 
place, and the sixth differences cannot be considered constant beyond the fourth 
decimal place. 





1 See the discussion which immediately precedes this one. 
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We get additional light on this example by making use of the mth derivative 
of the given function. The mth derivative of f(x) =(1+?)-! is 


f(a) = (— 1)*al(1 + x?)-@*) 2 sin (8 + 0), where @ = sin-(1 + x?)-!/2, 
Hence the remainder after m terms in the Taylor expansion of f(a+3h) is 
R, = (3h)"( — 1)"[1 + (a + 3¢h)?2]-+ 2 sin [(m + 1) sing? {1 + (a + 3€h)?}-1/7]. 


For 4 = 1/6 the remainder at the point x=a=1/2 (which is the mid-point of 
the given interval) is 


Ry = (= 1/2)*[1 + 40 + OFA sin[(m + 1) sin {1 + 4 + O}-*4], 


0s és 1. Asn—-o, this remainder clearly approaches zero and the given 
function can therefore be represented in the given interval by a Taylor series. 
The values of the 4th and 6th derivatives of the given function are 
720 


= )= 24 [5 4 10x2 1] vi = ———_ [725 35x4 21x? 1] 
fiv(x (1+ 2% ” sili I=) = a i 


Therefore for the point «=1/2 we have 
fiv(4) = — 9.339, fri(g) = 327.9. 


Substituting these values in the expressions for 1,3 and £,, as given in my paper 
in the March number of this Monthly, we get 


Ey; = 0.0000400 — 0.0000474 = — 0.0000074, = — 0.00000836. 
Since the actual errors as found by Mr. Garver and checked by me are 
Ey); = 0.000000218 and E, = — 0.00000145, 


it is evident that the principal part of the error is not given by the first term 
of the error series in either case. This means that the series representing the 
error is slowly convergent. 

When we take 4=1/12, we find the errors to be 


Eys = 0.00000000332 and E, = — 0.00000000596. 


Here, again, Simpson’s rule gives the more accurate result ; but whereas the 
error in the result by Weddle’s rule was nearly seven times as great as in Simp- 
son’s when h=1/6 it is less than twice as great when h=1/12. I venture the 
guess that if we should take 4 =1/30, we should find that Weddle’s rule would 
give a far more accurate result than Simpson’s, because in that case the series 
representing the errors would converge so rapidly that the principal part of the 
error in each rule would be given by the first term of the error series. 

I think we can sum up the trouble in Mr. Garver’s example somewhat as 
follows : The value of k was so much too large for this particular function that, 


i 
3 


ee eee ee ear 
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from the geometrical point of view, the arcs of three separate parabolas of the 
second or third degree (Simpson’s rule) happened to coincide more closely with 
the graph of the given function than did the arc of a single curve of the fifth 
degree (Weddle’s rule). I was aware of such singular cases at the time I wrote 
my paper for the Monthly, but I didn’t think it worth while to mention them. 
If for any particular function / is taken so small that the error due to the 
quadrature formula is given largely by the first term of the series representing 
the error, then the accuracy of the two formulas (Simpson’s and Weddle’s) is 
as stated in my paper.’ 





RECENT PUBLICATIONS 
EpITEep sy W. B. Carver, Cornell University to whom books and communications should be sent. 


REVIEWS 


Principles of Geometry. By H. F. BAKER. Volume IV, Higher Geometry. 
Cambridge, University Press, 1925. xvi+250 pages. 


The first three books of Baker’s series are entitled ‘‘Foundations,” “Plane 
Geometry,” and “Solid Geometry.” These were undertaken largely to pave the 
way for the present text, “Higher Geometry.”’ Before considering this last 
volume in detail, it may be well worth while to discuss briefly the series as a 
whole. 

The prefaces of the first three volumes state in no uncertain terms that the 
exposition is intended as a first course in projective geometry, not only for 
future mathematicians but more especially for physicists and engineers. The 
author does not insist that students of applied mathematics continue through 
the present volume ; yet we are very sure that he hopes they will do so. But 
even three volumes form an ambitious program for an engineer, perhaps even 
for a mathematician whose field is not geometry. And let there be no mistake 
about it, there is little in these volumes which can be termed light reading. 
The point of view is always general, always abstract, and the reader must 
possess or develop for himself the ability to follow page after page of close, 
intricate argument. Illustration of the abstract by the concrete is largely left 
to the reader in the form of exercises, a relaxation after the more robust text. 

Now we cannot believe that there will be any immediate adoption of this 
type of course for the non-specialist in mathematics, at least in this country. 
Nor are we prepared to say that this is the best or even a desirable approach 
for the student of pure mathematics. 

It is not so much the intrinsic difficulty of the treatment that the reviewer 
wishes to emphasize as the constant effort required for the reader to attain the 

1 This Monthly, vol. 34 (1927), pp. 135-141. 














1927] RECENT PUBLICATIONS 373 


mathematical sophistication of the author. But these pedagogical considerations 
are far less attractive than the material of the book which the author entitles 
“Higher Geometry, being illustrations of the utility of the consideration of 
higher space, especially of four and five dimensions.” 

Section I of the first chapter deals with spaces of two and three dimensions. 
As an example, a correspondence between points of a plane and points on a 
quadric is given. A certain configuration of points on the quadric is shown to 
exist, the configuration is transferred to the plane and the result is M1QuEL’s 
THEOREM : If D, E, F, be any points on the joins BC, CA, AB of three points of a 
plane, then the circles AEF, BFD, CDE meet in a point. 

Again in three-space, a relation between pairs of points on a quadric is 
established. This relation transferred to points of the plane becomes inversion, 
whereupon a surprisingly varied group of inversion theorems appears, dual to 
projective theorems for the quadric. 

Next a correspondence is established between circles of a plane and points 
(or planes) in space. The author recalls two theorems : 

WALLACE’s THEOREM: [f four lines be given in a plane, the four circles, each 
defined by the intersections of three of the lines, meet in a point; 

Mostus’ TETRAHEDRA: There exist pairs of tetrads of points in space such 
that every point of either tetrad lies on the plane determined by three points of the 
other tetrad. 

It appears that the configurations of these theorems are identical under his 
correspondence, a result as unexpected as it is beautiful. 

In Section II, comparisons of three and four dimensional geometry are given. 
A correspondence is shown between tetrahedral complexes (of lines in three- 
space) and planes meeting three lines in four-space. Another correspondence is 
between spheres of three-space and sections of a quadric three-fold in four-space. 
The most instructive example is the proof that two spheres cut everywhere at 
the same angle. 

In Section III, the discussion deals principally with the well-known cor- 
respondence between lines of three-space and the points of a quadratic four-fold 
in five-space. A correspondence between spheres and the points of the quadratic 
four-fold is obtained, and thence Lie’s line-sphere correspondence is inferred. 

Chapter II is an end in itself. Here circles in a plane are in correspondence 
with plane sections of a quadric by projection. That this method of attack is 
successful may be judged from a brief selection of the theorems or constructions 
that are developed: The problem of Apollonius on circles touching three 
circles; the problem of Steiner on circles cutting three circles under given angles; 
the problem of Malfatti; Feuerbach’s Theorem and Hart circles. Possibly 
the most striking thing in this chapter is the attack on the problem of Apollonius, 
an attack which leads inevitably to Gergonne’s solution. It is of interest to 
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recall that Fiedler considered this problem in his Cyklographie, in which the 
correspondence was between circle in plane and point in space. Fiedler’s method 
led also to Gergonne’s solution. 

In Chapter III, the correspondence is between the points of a plane quartic 
curve with two double points and the papas of the curve of intersection of 
two quadric surfaces. 

In Chapter IV, a correspondence is obtained between the twenty-seven 
vertices of a certain configuration in four-space and the lines on the general 
cubic surface. Like Chapter II, this is an end in itself, whereas Chapters I 
and III serve in the development of the later theory. 

In Chapter V, we are introduced to a configuration in four-space, of fifteen 
points and fifteen lines, due to Segre. With this is associated a quadratic three- 
fold = and the tangent solids of 2. The intersection of 2 and a tangent solid is 
the Kummer surface. The dual of the fifteen-configuration leads in similar 
fashion to the Weddle surface. 

In Chapter VI, the correspondence is analogous to that in Chapter IV. 
The intersection of two quadratic three-folds in four-space is projected on a 
three-space, giving a quartic surface. This is a cyclide ; the general cyclide and 
the special Dupin cyclide are treated at some length. 

Chapter VII brings the volume and the series to a brilliant conclusion. 
Segre’s figure of Chapter V is shown to be in correspondence with a configuration 
in five-space and a correspondence is found for 2. The points of a quadratic 
four-fold in five-space being in correspondence with the lines of three-space, 
and the analogon of 2 having been shown to be a part of this quadratic four- 
fold, Kummer’s surface now appears as the locus of the singular points of a 
quadratic complex of lines. The mélée now becomes general ; and the interplay 
between three-space, four-space, and five-space is constant, as the author 
comprehends under one point of view the cyclides, the surfaces of Weddle and 
of Kummer, the Wave Surface of Fresnel, and the line and sphere geometry. 

B. H. BRowN 


Einfihrung in die Theorie der Analytischen Funktionen einer komplexen V erdnder- 
lichen. By HEINRICH BuRKHARDT. Fiinfte umgearbeitete Auflage besorgt 
von Dr. George Faber, Berlin and Leipzig, Walter de Gruyter and Co., 1921. 
x+286 pages, 41 figures. 

Reviews of Burkhardt’s Theory of Functions of a Complex Variable (Part 

II of Vol. I of his Einfiihrung, etc.) were made by M. Bocher for the first edition 

in the Bulletin of the American Mathematical Society, vol. 5 (1899), pp. 181-185 

and by L. E. Dickson for the second edition, ibid, vol. 10(1904), pp. 317-321. 

The third edition appeared in 1907. The fourth edition appeared in 1912, was 

translated into English by S. E. Rasor, and was published by D. C. Heath and 
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Co. in 1913. A review of this translation was made by W. C. Brenke in this 
Monthly, vol. 21 (1914), p. 118. A fifth edition appeared in 1921 under the 
direction of G. Faber of the Tech. Hochschule zu Miinchen. A short notice 
concerning the fifth edition was made by H. J. Ettlinger in the Bulletin, vol. 
28 (1922), p. 475. 

It is the purpose of this note to call attention to some changes made by 
Faber in the fourth edition of Burkhardt’s book. Burkhardt’s demise occurred 
at about the time of the beginning of the World War. The last edition of his 
Einftihrung for the complex variable was the fourth. After the close of the war 
the socalled fifth edition was made by Faber. In reviewing a book one naturally 
turns to the preface first. On reading the preface to the fourth edition of this 
text and then the same preface as quoted in the fifth edition, one notices in the 
first few lines the absence of Burkhardt’s own references to French, English, 
and American Treatises. The deleting of such references has been done through- 
out the book. One wonders why Burkhardt’s own references to such names as 
Picard, Forsyth, Harkness and Morley, and Ch. Méray in the field of function 
theory could not at least be tolerated several years after the close of the war. 
Moreover, throughout the book practically all German words of English form 
or sound are changed to other words. For example, Resultat is replaced by 
Ergebnis, Deduktion by Schliisse, Argument by Veranderlichen, etc. On page 2, 
section 2, the words, ‘““double algebra sagen die Englander” are omitted entirely. 
Again it seems to the reviewer that unnecessary omissions of sentences in 
whole or in part are made, often with detriment to the meaning. Thus is noted, 
at the beginning of section 3, the omission of the sentence “In elementary 
arithmetic, multiplication is considered a second way, etc.” Again in Section 3, 
just preceding Theorem I, the words “double algebra” as used by Burkhardt 
are omitted entirely. Also the sentence following Theorem IV in Section 28 
is omitted. Theorem V in Section 28 is quoted as in former editions except that 
“stetig” is used instead of “integrierbar”,—an unnecessary change in view of 
the previous theorem. Such changes throughout the book remind one of the 
attempts to substitute a different bass in our traditional “Home Sweet Home.” 
They may be musically correct but we no longer have “Home Sweet Home.” 

The numbering and naming of the various sections and paragraphs, except 
some rearrangements which seem ill advised and of doubtful value, remain 
practically the same. For example, analytic continuation is treated in Section 
39a in the elementary development of power series instead of in the discussion 
in chapter VI where it seemed to fit into the general scheme of treatment. No 
figures are given as in previous editions, showing the domains concerned in the 
treatment of this topic. 

In Chapter ITI on the real variable, many changes, additions, etc. have been 
made without destroying the general form and make up of the chapter. These, 











376 RECENT PUBLICATIONS [Aug.—Sept., 


on the whole, seem to have improved somewhat this short introduction to the 
theory of the real variable. 

In general, the paging is poorly done. An example is page 4 where the equa- 
tions are set too close. This contrasts sharply with the previous editions. The 
paper and ink are also of poor quality. 

S. E. RAsor 


Synthetische Zahlentheorie. By RuDOLPH FUETER. Second Edition, Revised. 
Berlin and Leipzig, Walter de Gruyter & Co., 1925. vii+277 pp. 


The first edition of this work appeared in 1917. The present edition differs 
from the first in several respects. First, the exponential function is now intro- 
duced from the standpoint of the theory of functions of a complex variable; 
also, a complete proof is given of the existence of fundamental units in a cyclo- 
tomic field. Likewise, the law of cubic reciprocity is completely proved. The 
first edition included the demonstration of a special case only. 

The book consists of two main divisions, the theory of rational fields and the 
theory of cyclotomic fields. The present review will be concerned with the first 
part only, covering the first sixty-seven pages of the text. In this the author 
introduces an innovation, as he develops the theory of rational fields entirely 
from the standpoint of the theory of algebraic fields. For example, in lieu of 
the divisibility of rational integers, the divisibility of ideals is considered and 
the elementary theory of rational integers and congruences is set forth entirely 
in terms of the language and concepts of algebraic number theory as applied 
to the rational field. 

A modul is defined as a system of numbers with the property that the sum 
and difference of any two numbers therein is equal to a number of the system. 
An ideal is defined as a modul such that all numbers contained in it are rational 
integers. It is then shown by a process equivalent to the Euclidean algorithm 
that any ideal of the form mx+mny where x and y range over all rational in- 
tegers is equal to an ideal rz where z ranges in the same way, m, n and r being 
rational integers also. This theorem leads easily to the theorem that any ideal 
has an unique decomposition into prime ideal factors which result takes the 
place of the ordinary theorem concerning the unique expression of a rational 
integer as the product of prime factors. 

Following the concept introduced into the theory of algebraic numbers by 
Weber and the author, a ray (Strahl) is defined as a system of rational numbers 
such that the product and quotient of two numbers therein also belong to the 
system. It is shown that every rational integer defines a ray of numbers of the 
form 1+xny-! where x ranges over all rational integers and y ranges over all 
integers prime to n. 
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In analogy with the theory of ideal classes in an algebraic field, the author 
then defines the equivalence of two ideals with respect to the modul §. The 
symbol mod. § stands for the modul consisting of all numbers of the form 
afy-! where x ranges over all rational integers and y over all integers prime to f, 
considering a ray defined by the integer f which consists of unity plus the modul 
%. As all ideals can be reduced to the form mx where m is given and x ranges 
over all rational integers, we write nx =(m). 

Two ideals 2; = (1), Ne =(m2), m1 >0, m2>0, are called equivalent with respect 
to the modul § when the quotient m2/m, is a member of the ray defined by f. From 
these definitions the laws of equivalence for ideals mod § are worked out. It 
will be seen that the equivalence of two ideals %, and 22 corresponds to the condi- 
tion that m and m2 belong to the same residue class modulo f. 

Exactly in line with the theory of algebraic numbers, the rational number a 
is said to be congruent to zero modulo if a belongs to the modul § and the nota- 
tion 

a = 0(mod.#) 
is used. One advantage of this definition over that employed in ordinary 
elementary number theory is that fractions are used in congruences in addition 
to integers. Persons who have had considerable experience in dealing with 
congruences will realize the convenience of including fractions as one of the 
concepts used in their definition. 

Some of the properties of congruences are then derived by the author. 

On page 40 the author begins the consideration of the theory of the abstract 
finite groups, devoting eight pages to the development of some of the principles 
of that theory together with the special case of substitution groups. These 
results are then used to prove Fermat’s theorem, and to obtain the properties 
of primitive roots and indices. 

Fueter then associates with every ideal % =(m), prime to /, a permutation as 


follows, 

3.2 GF vse fog 

rm) = ( ), 

Mm Ne Mrs? Ny-1 
where the n’s are the least positive residues of m, 2m, 3n, --- , (/—1)n, modulo 
the prime /. This notion was first used by Zolotareff in 1872 in connection with 
a certain proof of the law of quadratic reciprocity. The author employs it in 
various ways, in particular to a derivation of the quadratic character of 2. (p. 
65). The law of quadratic reciprocity is not proved in this part of the text, but 
is obtained as an application of the theory of cyclotomic sub-fields. (p. 258). 

It would have been entirely in keeping with the spirit of this text if some ac- 

count had been given of the theory of finite fields, developed by Moore and Dick- 
son, for the particular case of residue classes with respect to a prime modulus. 
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Many numerical examples are given illustrating the general theorems and 
the treatment is quite clear and systematic. After a person has digested the 
first sixty-eight pages of this book, he is in a position to go into the theory of 
algebraic numbers without any abrupt modification of the ideas he has obtained 
concerning rational integers. I think the book will be very valuable in spreading 
a knowledge of some of the modern arithmetical theories, in particular several 
which have been developed within the last thirty years, notably by the author 
himself. 

H. S. VANDIVER 


The Law of Diminishing Returns. By W. J. SPILLMAN and Emit Lance. Yonkers, 
N.Y., World Book Company, 1924. 


The book is divided into two parts, “The Law of The Diminishing Incre- 
ment,” by Dr. W. J. Spillman, and the “Law of The Soil”, by Dr. E. Lang. 
The latter is a translation of the original article in the Landwirthschaftliche 
Jahrbiicher, vol. 55 (1920). 

For a great many years, scientists were unable to reconcile the results they 
obtained with successive applications of fertilizer by experimental trial with the 
well known law of diminishing returns. They insisted that with additional 
quantities of plant food, there was a proportional increase in the yield of crops. 
If the quantity of fertilizer was doubled, crop yields doubled. Gradually the 
“law of the soil” was evolved, which stated that increasing applications of fer- 
tilizer did not result in proportional increases in crop yields. Later the “law 
of the minimum” was evolved. According to this law, the yield was supposed to 
be determined wholly by the growth factor farthest removed from optimum 
conditions. 

These questions resulted in an enormous amount of research work, especially 
in Germany. From 1839 to 1909, chemists tried to reconcile these laws. Finally, 
Dr. Mitscherlich, of the Kénigsberg Experiment Station, in a series of ex- 
periments showed that the law of minimum was wrong, and that the law of 
diminishing returns was the true relationship. 

Dr. Spillman, using the results of published data on fertilizer experiments, 
fattening hogs, steer feeding, growth of children, growth of capons, developed 
mathematical expressions (decreasing geometric curves) of the law of diminish- 
ing returns. 

The book is of interest to the natural scientist, the economist and the 
mathematician. It presents the gradual evolution of the problem, indicating 
the enormous amount of time, work and controversy that is necessary to finally 
evolve a principle. Progress is a slow and painful process. 

F. A. PEARSON 
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Plane Curves of the Third Order. By Henry S. Wuite. Published with the 
cooperation of the National Research Council. Cambridge, Harvard 
University Press, 1925. xii+168 pp. Price $2.75. 


This treatise deals with cubics exclusively from the projective point of view. 
The purpose of the author is twofold, to develop the projective properties of 
the cubic and to introduce the subject of higher plane curves through the study 
of the cubic. In former treatises on cubic curves, general curves are first dis- 
cussed and their properties later specialized for the cubic. In many cases the 
discussion applied directly to the cubic is much simpler than that for the 
general curve. In such cases by adopting this method, the author, in discussing 
properties of the cubic, gives a simple introduction to the study of similar 
properties of curves of higher order as well. 

After a short introductory chapter on the real branches of the cubic, the 
intersections of two cubics and related properties are treated with great rigor. 
Then follow polar curves, the Hessian, the Cayleyan, poloconics, inflections, 
invariants, cross-ratio, conjugate points, the general net of conics as a polar 
net, all treated algebraically. The generation of a cubic, including the methods 
of Chasles, Grassmann, Schroeter and others, is fully discussed. 

The next twenty seven pages contain the most valuable contribution of 
the book. Noether’s fundamental theorem and the use of elliptic functions 
as parameters are here applied to the cubic, thus greatly simplifying an intricate 
portion of curve theory. The book closes with a discussion of covariant curves 
and apolar curves. 

Even the projective properties of the cubic are too numerous to be fully 
covered in a brief treatise. Having decided upon brevity, the author did well 
in choosing to treat fully the more important properties rather than to cover 
a wider field less thoroughly. The topics included are well chosen, but it does 
not seem that a desire for brevity should be permitted to exclude from a book 
of this kind such topics as linear systems of cubics and point correspondences 
on a cubic that leave the curve invariant. 

The table of contents is fully itemized and there is a serviceable index. The 
printing is excellent and remarkably free from typographical errors. 

The book is a worthy contribution to the projective theory of cubic curves 
and an excellent introduction to certain important portions of the general 
theory of algebraic curves. It is of especial interest to those working in algebra 
of invariants, as the treatment is largely by that method. 

TEMPLE RICE HOLLCROFT 


ARTICLES IN CURRENT PERIODICALS. 


The lists appearing regularly in the Monthly of articles in current periodicals are intended to include 
(1) titles of papers in all mathematical journals published in the United States; (2) titles of mathematical 
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papers and reports published by the national and state academies of science and in journals devoted to 
general science; (3) titles of mathematical papers by American authors published in foreign journals. 


Bulletin of the American Mathematical Society, volume 33, no. 3, May-June 1927: 
“The Gibbs lecture for 1926: Mathematics and the Biological Sciences” by H. B. Williams, 273-294; 
“On a generalization of the secular equation” by J. Pierpont, 294-296; “A generalized two-dimensional 
potential problem” by J. N. Carson, 296-299; “A generalization of Waring’s theorem on nine cubes” 
by L. E. Dickson, 299-301; “An elementary proof by mathematical induction of the equivalence of the 
Cesaro and Hélder sum formulas” by T. Fort, 301-305; “Some properties of continuous curves” by 
G. T. Whyburn, 305-309; “The dual of a logical expression” by B. A. Bernstein, 309-311; “The Heavi- 
side operational calculus” by H. W. March, 311-319; “Extensions of Waring’s theorem on fourth 
powers” by L. E. Dickson, 319-327; “Tests for primality by the converse of Fermat’s theorem” by 
D. H. Lehmer, 327-341; “On analytic solutions of differential equations in the neighborhood of non- 
analytic singular points” by B. O. Koopman, 341-352. 

Journal of Mathematics and Physics, Massachusetts Institute of Technology, volume 6, 
no. 3, April 1927: “The spectrum of an array and its applications to the study of the translation properties 
of a simple class of arithmetical functions” (Part One) by N. Weiner, 145-158; “On the translation 
properties of a simple class of arithmetical functions” (Part Two) by K. Mahler, 158-164; “The 
expression of a tensor or a polyadic as a sum of products” by F. Hitchcock, 164-189. 

Mathesis, volume 41, no. 4, April 1927: “Les points hessiens d’un triangle” by F. D. Murnaghan 
155-161. 

Proceedings of the National Academy of Sciences, U. S. A., volume 13, no. 4, April 1927: “On 
the expansion of harmonic functions in terms of harmonic polynomials” by J. L. Walsh, 175-180. 

Transactions of the American Mathematical Society, volume 29, no. 2, April 1927: “Singular 
case of pairs of bilinear, quadratic, or Hermitian forms” by L. E. Dickson, 239-254; “Triads 
of ruled surfaces” by A. F. Carpenter, 254-276; “Certain uniform functions of rational functions” 
by E. P. Starke, 276-287; “On rejection to infinity and exterior motion in the restricted problem of three 
bodies” by B. O. Koopman, 287-332; “A connected and regular point set which has no subcontinuum” 
by N. L. Wilder, 332-341; “Meromorphic functions with addition or multiplication theorems” by J F. 
Ritt, 341-361; “Real functions with algebraic addition theorems” by J. F. Ritt, 361-369; “Concerning 
continua in the plane” by G. T. Whyburn, 369-401; “Extremals and transversality of the general 
calculus of variations problem of the first order in space” by J. Douglas, 401-431; “A figuratrix for 
double integrals” by P. M. Rider, 421-429; “Manifolds with a boundary and their transformations” 
by S. Lefschetz, 429-463; “On sets of functions of a general variable” by L. L. Dines, 463-470. 





PROBLEMS AND SOLUTIONS 


EpITED BY B. F. FINKEL, Otto DUNKEL, AND H. L. OLson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All manu- 
scripts should be typewritten, with double spacing and with a margin at least one inch wide on the left. 


PROBLEMS FOR SOLUTION 


N. B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would also 
enclose any solutions or information that will assist the editors in checking the statements. In general, 
problems in well-known textbooks or results found in readily accessible sources, will not be proposed as 
problems for solution in the Monthly. In so far as possible, however, the editors will be glad to assist 
members of the Association with their difficulties in the solution of such problems. 


3272. Proposed by L. M. Berkeley, New York City. 


Solve the differential equation, 
(tan x + msin y) dy = (sin y — m tan x) cos y dx, 
where m is a constant. 
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3273. Proposed by Nathan Altshiller-Court, University of Oklahoma. 

The three points of intersection of the symmedians of a triangle with its circumcircle determine a 
triangle whose circles of Apollonius are identical with those of the given triangle. 

3274. Proposed by C. N. Mills, Normal, Illinois. 


The axes of three mutually perpendicular right circular cylinders intersect in a common point. If 
the radii are equal, find the common volume. 


3275. Proposed by J. A. Shohat, University of Michigan. 
Solve the differential equation, 
dy 
7." ¥ + at — ax + [(y* + a — ax)? — ¥* (y* + 0% — 20x)]"/?, 
3276. Proposed by L. L. Silverman and J. Tamarkin, Dartmouth College. 
Prove that if v is an integer greater than or equal to 1, then 


JEST a(S une!) af Dstart 


3277. Proposed by R. H. Sciobereti, Berkeley, California. 


Find the motion of a weighing particle of mass 1 moving in a vertical plane and attracted by a 
point of this plane with a force k/r?, k being a positive constant. Consider applications of the result to 
the two special cases defined by the following initial conditions: (i) at t=to, the coordinates of M are 
(0, b), b>0, and velocity, given by v?=2(gb?+)/b, is parallel to the axis of x. (ii) at t=to the 
coordinates of M are (0, b), with (k/g)'/?<b<0, and vo?=2(gb?—k)/b, with v parallel to the axis of x. 

What can be said of the stability of the motion in these two particular cases? 





3278. Proposed by J. V. Uspensky, Carleton College. 


For every set of real values £,, f2,--+-, &, let the function (£1, &,--++, &) be defined as the 
greatest of lt:—/i |, |t2.—he|, tee, |£.—/n |, where hy, ho,+ ++, hn are given real constants. Find 
the integral values of &, 2,-+ +, n, which minimize $(&, 2,-- +, &n), while their sum is equal to a 


given number JN, so that the following condition holds: 
&t&+:-: +h =N. 
3279. Proposed by J. Rosenbaum, Milford, Conn. 


Given » points, P;, P2,- ++, Pn, and a ratio, A, to construct an m-gon Ay, A2,: ++, An, such that 
each P; lies on the side A;A;4; and the ratio A;P;/P;A;4: shall be equal to \ (¢=1, 2,--+, , and 
A n+l =A 1). 

SOLUTIONS 


3194[3182; 1926, 278]. Proposed by D. H. Lehmer, University of California. 

Prove the following two theorems and show how they may be used to advantage in finding the 
factors of R. 

THEOREM 1, Let R be a non-square integer of the form 8n-+ and represent by 2%(2m-+-1) any even 
denominator of a complete quotient occurring in the expansion of «/R in a continued fraction. Then, if 
k=1,a23; if k=4 or 0, a=2; if k=5, a=2; and if k=2, 3, 6, or 7,a=1. 

THEOREM 2. If R contains a square factor C?, then every multiple of C appearing as a denominator 
of a complete quotient must also contain a factor C?. 





1 This is a generalization of problem 3128 (1925, 204). The solution by J. P. Ballantine (1926, 164) 
for the case \=1, is, with a slight modification, applicable to this more general case. 
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SOLUTION BY THE PROPOSER. 


PRoor oF THEOREM 1. Suppose, first, that R is odd; that is, k=1, 3, 5, or 7. Let A/B be the 
convergent to »/R which precedes the partial quotient under consideration. Then we have the well 
known equality: 

A?— RB*= +2%(2m+1). 
Since A and B are mutually prime, they cannot both be even. From the fact that R is odd and the right 
hand member of the above equation is divisible by 2, it follows that A and B are both odd. Then A? 
and B? are of the form 8n+1. From this we have: 


A? = 1 (mod. 8), RB? = k (mod. 8), + 2%(2m + 1) = k — 1 (mod. 8). 
Hence we have: 
fork =1, a23; fork =5, a=2; fork =3o0r7, a=1. 


A similar proof holds for an even R in which case A is even and B is odd. 
PROOF OF THEOREM 2. Let R=C%m and let the denominator in question be Cm. Then we have: 


A? — C*B? = + Cm. 


Since the right hand member is divisible by C, the left side must alsocontain a factor C. This means that 
A? js divisible by C. But in that case A? contains the factorC®. (See the note at the end of this solution), 
Hence the entire left hand member is divisible by C? and this must be likewise true of the right side, 
That is, the denominator of the complete quotient contains the factor C?, which proves the theorem, 

These theorems are useful when we wish to factor R by the method of quadratic residues. The de- 
nominators of the complete quotients taken with the proper sign are quadratic residues of R. These 
residues are normally too large to use but smaller ones can be found by making use of the fact that if 
08 is a residue of R then 8 is a residue. Denominators containing square factors are therefore much pre- 
ferred. If Ris included in one of the forms 8n-++0, 1, 4, 5, every even denominator will contain the square 
factor 4. If R does not belong to one of these forms it can easily be made todo so by multiplying by 
some small factor. . 

Norte It should be pointed out that in the proof of THEOREM 2 we tacitly assumed that C itself 
does not contain a square factor. In case it does, the theorem is not true. In this case however we 
obtain a denominator to a complete quotient which contains a square factor, which we can reject. 


3207 [1926; 385]. Proposed by C. N. Mills, Normal, Illinois. 


Prove that 3m? 4/3 is the maximum area of a triangle which can be formed with the lines a, b,c, sub- 
ject to the condition that a3+3+c?=3m', 


SoLuTION By Otto DUNKEL, Washington University. 


The proof of a generalization of the theorem in this problem may be based upon certain elementary 
theorems of algebra and geometry which are more important than the theorem of the problem. Proofs 
of these theorems will be given; they are simple enough to be employed in elementary instruction. 
All of the theorems relating to three quantities are easily extended by the same reasoning to any given 
number of quantities. 

TueoreM I. If n is a positive integer greater than unity, x is any positive quantity, and d is positive 
or negative but not zero and such that x+d is positive, then 


(1) (x +d)" > 2 + ndx, 


For n=2 this is obviously true since then the left side exceeds the right by d?. If each side of the 
inequality for »=2 is multiplied by «+d, it will follow that it is true for n =3, and this process continued 
leads to the theorem above. 

THeEorREM II, If a, b, c are any three positive quantities, 


(2) [(a + b + c)/3}* = abc 
where the equality sign is used if and only if a=b=c. 
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If a, 5, c are not all equal, we may suppose that they are written in ascending order of magnitude. 
If we set a+b = 2m, then c>m; and we may setc=m-+d,d>0. The left side of (2) becomes then (m+ $d)?, 
and by (1) this is greater than m’+m*d=m’c. But m’c2 abc, for m?=ab+(a—b)?/42ab. 

THeEoreEM III. I[f a, b, c are any positive quantities and n is a positive integer greater than unity 


(3) (a* +" + *)/3 => [(a +b4+0)/3)", 


where the equality sign is used if and only if a=b=c. 

Set a+b-+¢=3m, a=m-+a’, b=m+b’, c=m-+c’, where a’+6b’+c’=0. By (1), a*=m"+na'm"™, 
b">m"+nb'm"™", c>=>m"-+nc'm""!, where the equality sign is used in all three cases if and only if 
a=b=c. Hence the left side of (3) is greater than m"+3nm"—(a’+6’+c’) =m” which is the right side of 
(3). 

THEOREM IV. The equilateral triangle has the greatest area of all triangles having the same length of 
perimeter. 

Let the given perimeter be 2s=a+b-+c, and let S be the area of the triangle with these sides. 
From geometry we have S?=s(s—a)(s—6)(s—c). Then by (2), if a, b, c are not all equal, 

(s — a)(s — b)(s — cc) < [(s — a) + (s — Bb) + (8s — ©) 8/27 = 83/27. 
Hence S?<s*/27, or S is less than s?/3 5/*, the area of the equilateral triangle of side 25/3. 
THEOREM V. [f the sides of a triangle satisfy the equality 


(4) a" +b" +c" = 3m", 


where n is a positive integer greater than unity, the equilateral triangle of side m has the greatest area. 

For suppose that a, b, c are unequal and satisfy (4), and let S be the area of the corresponding triangle. 
Set a+b-+c=3p, and let E, be the area of the equilateral triangle of side p. Then by IV, S<£,; and, 
by (3) and (4), m">p", or m> p. Hence, if E,, is the area of the equilateral triangle of side m, En >Ep>S. 

This completes the proof of one generalization of the problem. 

If we suppose that the sides of the triangle satisfy a relation similar to (4) where the exponent is 
1/n, n= any positive integer, the above reasoning does not apply. But this case may be treated by 
replacing IV by another geometric theorem and by extending III. We shall first extend III. 

THEOREM VI. [f a, b,c are positive and n is any positive integer greater than unity 
(5) (- oe bn “+ “y" > a oe b oe c > (- os bl/n a clin 

3 3 3 
where the equality signs are used if and only if a=b=c. 

The last inequality follows by replacing a, b, c by a'/”, b!/", c!/" in (2). The middle inequality follows 
from (3) by the same substitution while the first one is (3) with a slight change. 

THEOREM VII. Of all triangles inscribed in a circle of given radius, the equilateral triangle has the 
greatest area. 

First consider all inscribed triangles having a given chord, not a diameter, for base. It is easily 
shown that the isosceles triangle having the given base and containing the center of the circle in its 
interior has the greatest area. 

Let S be the area of an inscribed triangle which is not equilateral, and let c’ be the shortest side. 
Then the isosceles triangle A’B’C, A’B’=c’, which contains the center, has an area S’>S, or S’=S if 
the two are the same triangle. We shall now compare the area E of the inscribed equilateral triangle with 
S’ by a figure. Let M’ be the middle point of A’B’, and COM’D, the diameter of the circle dividing S’ 
into equal parts, where O is the center of the circle. Draw through the middle point M of OD the chord 
AMB perpendicular to OD. Then CAB is an inscribed equilateral triangle. Let CA’ cut AM in K, and 
take Lon ACsothat AL=AK. Then LAK is equilateral. Draw the chord AA’. Then ZALK= ZAA'K 
=60°, while ZKAA’<60° and ZAKA’>60°. The two triangles LAK and A’AK may be inscribed in 
the same circle with the same base AK (if one of them is turned over about the side AK). Hence, by the 
first part of the proof, the area of the first is greater than that of the second. Hence the altitude KN of 
the first is greater than the altitude A’P of the second. Since CA =2AM, the area CAK is AM-NK 
>AM:PA'= area MKA'M'+ area KAQA’, where Qis the fourth vertex of the rectangle AMM’Q. 
Hence E—S'>2KAQA’, and therefore E>S’ 2S, and this completes the proof. 
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THEOREM VIII. Of all triangles whose sides satisfy the equality 
(6) abc = mi, 


the equilateral triangle with the side m has the greatest area. 

For, from elementary geometry, if R is the radius of the circumscribing circle of the triangle with 
unequal sides satisfying (6) and if S is its area, abc =4RS =m', Let E be the area of the equilateral triangle 
of side ¢ inscribed in the same circle, then by VII E>S, and then e?-=4RE>4RS=mi', or e>m. Let En 
be the area of the equilateral triangle of side m and let Rm be the radius of its circumscribing circle. Then 
from the last inequality, R>Rn. But 4RS=m?=4R,,Em, and hence S< En. 

THEOREM IX, Of all triangles whose sides satisfy the equality 
(7) a’ +b" + cr = 3m’, 
where r is a positive integer or the reciprocal of a positive integer the equilateral triangle of side m has the 
greatest area. 

For, let S be the area of a triangle with unequal sides which satisfy (7), and let abc =#*. Then, if E; 
is the area of the equilateral triangle with side t, E;>S by VIII. Also, by (7) and (5),m=[(ar-+br-+c")/3]}"" 
> (abc)? =t, or m>t. Hence, if E, is the area of the equilateral triangle of side m, E,>E:>S. This 
includes a second proof of IV which does not use the area formula in the previous proof. 

THEOREM I may be extended by elementary algebraic methods to any real exponent a greater than 


unity. It is then easy to show that [(a*-+4%+c*)/3]!/* decreases when a decreases, always remaining 
greater than (abc)"’, if a, b, c are not all equal. 


Also solved by H. L. Stopin, MicHaEL GOLDBERG, and J. B. REYNOLDs. 
3210[1926; 385]. Proposed by Thurman Andrew, University of North Dakota. 


Find the general solution of the probability of throwing any number with any number of dice. 
Dice are here taken to be polyhedrons, with any number, k, of faces numbered consecutively from 1 to 
k. (Assume all faces equally likely to turn up.) 


SOLUTION BY MICHAEL GOLDBERG, Washington, D.C. 
Expand (x+2?+-25+ - ++ -+-x*)",n<k. Then the coefficient of x* is the number of permutations of 
1, 2, 3, 4,:++, &, taken m at a time, which have the sum s, every sum containing m terms. The above 


expression may be written as x"(1—x*)"(1—x)-". The coefficient of x*-" must then be found in the 
expansion of 


{1 — net + (4 a - (3) eens Mfrtnrt ("3 jet (“TF %)e +e . 


The coefficient of x*~” is obtained as follows : Multiply the first term of the first factor by(57 eee of 
= = 


the second factor; the second term of the first factor by(é sciecad 


ie of the second factor; the third 











term of the first factor by(S- Fh eno of the second factor, etc. The coefficient of x*-" then 
equals 
—1 —k-1 —2k—-1 
he (7) ‘otene? + (3) nat — + + +, which may be written 
(s — 1)! -(*) (s—k — 1)! n\ (s — 2k — 1)! 
(s—n)'m—1)! \is(s—n—&'n—1!) \2/(s—n— 2%) in — 1)! , 


Since the total number of cases is k", the probability of throwing the number s with n dice of k sides each 
is then 


ae! (s — 1)! _({* (s—k— 1)! n\ (s — 2k — 1)! ers: 
beat Pgers peer (Oeste at GC) See } 
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Also solved by J. M. BaArBour and the Proposer. 


3211[1926; 385]. Proposed by J. A. Bullard, U. S. Naval Academy. 
Find by integration the area of the ellipse ax?+ 2hxy-+-by?+-2gx-+ 2fy-+c m0. 


SOLUTION BY H. L. Stosin, University of New Hampshire 


Solving the given equation for y, we have for the difference of the two solutions, 
(1) yo — yr = 2[(h* — ad)x* + 2(hf — bg)x + (f? — bc) }¥2/d. 


Since the curve is a real ellipse, the quadratic in x within the brackets must have two distinct real roots, 
r, and rz where r2>1;, and for values of x between the roots the quadratic must be positive. From this 
it follows that the coefficient h*-ab must be negative and that b(af?+-bg?-+-ch?— 2fgh—abc) must be posi- 
tive. 

Hence the required area is given by 

_ 2(ab — HH)? ¢r 


b ‘ le —n)(r2— x) dx. 


(2) A 


If we set x—r1=(r2—1;) sin* 0, 7x—x=(r2—1;) cos? 0, we obtain by elementary methods 


__ (af? + bg? + ch* — 2fgh — abc) 
ba (ab — 42)3/2 





(3) A 


Also solved by THEODORE BENNETT, J. M. Eart, J. S. GEorGES, MICHAEL 
GOLDBERG, J. L. Ritey, W. H. Ricuert, J. B. REYNoLDs, Victor D’UNGER, 
and the PRoPOSER. 


3213[1926; 429]. Proposed by Nathan Altshiller-Court, University of Oklahoma. 


Prove the proposition : If AB, CD are two harmonic segments, the harmonic conjugate of the middle 
point of AB with respect to the couple C, D is identical with the harmonic conjugate of the middle 
point of CD with respect to the couple A, B. Generalize. 


I. SoLuTion By F. D. MurnaGHAN, Johns Hopkins University. 
Naming points by means of a complex variable, four points (a, 5, c, d) are harmonic when 
(c — a)/(¢ — b) = — (d — a)/(d — db) or ab — 4a +d)(c +d) + ad = 0. 
The harmonic conjugate of any point, x, with respect to the pair (a, 5) is, accordingly, 
y = [x(a + 6)/2 — ab]/[x — (2 + d)] 
and, in particular, the harmonic conjugate of the middle point (c-+-d)/2 of the segment CD is 
[(a + )(c + d) — 4ab]/2(c + d — a — 5) 
and, by the use of the hypothesis that the pair (c, d) is harmonic to the pair (a, 5), this becomes 
(cd—ab)/(c+d—a—b). An interchange of the réles played by the pairs (a, b) and (c, d) does not affect 
this point, which proves the theorem. 

An obvious generalization is suggested by the fact that the middle points of the segments A B and CD 
are the harmonic conjugates of the point at infinity with respect to the corresponding pairs (a, 5) and 
(c,d). If we take any point x and its two conjugates y and z in the harmonically conjugate pairs (a, 5) 
and (c, d), respectively, the harmonic conjugate of y with respect to the pair (c, d) coincides with the 


harmonic conjugate of z with respect to the pair (a,b). A calculation similar to that given above 
identifies this point as 


[x(ab — cd) — ab(c + d) + cd(a + b))/[x(a + 6 —c — d) + cd — ab]. 
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II. SOLUTION BY THE PROPOSER. 


The two circles (P), (Q) having the segments A B, CD for diameters are orthogonal; hence the polar 
of the center P of (P) with respect to (Q) is the common chord XY of the two circles, and Z= (XY, PQ) 
is the harmonic conjugate of P with respect to C, D. For analogous reasons Z is the harmonic conjugate 
of Q with respect to A, B, which proves the proposition. 

Remarks:I. The circles (P), (Q) being orthogonal, we have 

PQ@ = PX? + QX? = (AB/2)* + (CD/2)?, 
i.e.: The distance between the mid-points of two harmonic segments is equal to half the diagonal of the 
rectangle having the two segments for its sides. 

II. This property gives an immediate solution of the following problem : To place two segments of 
given lengths on a given line so that they shall be harmonic. 

III. This last problem may also be stated as follows : In an hyperbolic involution to find a pair of con- 
jugate points which shall be a given distance apart. 


Also solved by R. E. Morris. 


Note By Otto DUNKEL, Washington University. 


The generalization of the first solution may also be proved as follows: Each of the five setsof pointson 
the same line, (ACBD), (AxBy), (CxDz), (CyDu’), (AzBu’’) is harmonic. If x moves on the line while 
A, B, C, D remain fixed we have the projective ranges u’ Ky Ax Az u’’. If x=A, B,C, D, then y 
=A, B, D, C, z=B,A,C, Dand u’=B, A, D, C=u’’. Hence the two projective ranges of points «’ and 
«’’ are identical. 

A second proof is obtained by considering the circles P, Q, Y, Z, Y’ with diameters, respectively, 
AB, CD, xy, xz, yu’, Then Q is orthogonal to P, Z, Y’ and P is orthogonal to Y. If this system is in- 
verted with respect to Q, the circles P, Z, Y’ invert each into itself, while Y inverts into a circle orthogonal 
to P and tangent to Y’ and Z at u’ and z. Hence (AzBu’) is harmonic. 


3214[1926; 429]. Proposed by the late Laenas G. Weld. 


A block sliding without friction and a ball rolling without friction start together down an inclined 
plane with the same initial velocity : Determine their subsequent relative motion. 


SOLUTION BY J. B. REyNoxps, Lehigh University. 


I doubt if this problem is worded as Mr. Weld intended it to be. If the block and the ball both move 
without friction there will evidently be no relative motion. If, however, the block slides without friction 
and the ball rolls without slipping on a plane of inclination A the acceleration a; of the block is g sin A 
and the acceleration a3 of the ball is (5/7)g sin A. Then the relative acceleration a is given by a=a;—<as 
=(2/7)g sin A. The relative velocity v=(2/7)g sin A ¢ and the relative displacement, s, or the distance 
between the ball and the block at any time is s=(1/7)g sin AZ’. 


3215[1926; 429]. Proposed by R. M. Mathews, University of Illinois. 

When a quadrangle is inscribed in a central conic so that two of its opposite sides pass through 
the foci, then the tangent pairs at points one on each of these sides meet on the bisectors of the angles 
formed by the sides. 

When a quadrangle is inscribed in a central conic so that two of its opposite sides are symmetric 
with respect to the bisectors of the angle subtended at their intersection by the foci, then the tangents 
at point pairs, one on each of those sides, meet on the said bisectors. 

Dualize. Also modify for parabola. 


SOLUTION BY NATHAN ALTSHILLER-CourT, University of Oklahoma. 


A point L of the plane of a conic (S) is the center of an involution of pairs of rays conjugate with 
respect to the conic. If Z lies at a finite distance and is not a focus of (S) this involution has one and only 
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one rectangular pair of elements r, 7’. The lines r, r’ are the bisectors of the angles formed by the lines 
LF, LF’ joining L to the foci F, F’ of (S), and therefore separate these lines harmonically. 

The two pairs of points A, B; C, D in which the lines LF, LF’ joining L to the foci F, F’ of (S) 
meet the conic (S) determine a complete quadrangle inscribed in (S) whose diagonal points L=(AB, 
CD), M=(AC, BD), N=(AD, BC) are the vertices of a triangle LM N self-polar with respect to (S). 
Thus the lines LM, LN are conjugate with respect to (S) and separate harmonically the lines LFAB, 
LF'CD. But the lines 7, r’ fulfill the same two conditions, and there can be only one pair of lines through 
L having both of these properties, hence LM=r, LN=r’. 

The point of intersection of the tangents to (S) at the points A, D is the pole of the line AD with 
tespect to (S), and since AD passes through JN, the pole of AD lies on the polar LM=r of N with respect 
to (S). This proves the first proposition. 

Similarly we see that the tangents at B and C also meet on r. The tangents at A and C meet on the 
bisector r’, also those at B and D. 

Let LEI, LGH be a pair of lines through L symmetric with respect to r, r’, and meeting (S) in the 
points E, J;G, H. These four points determine a complete quadrangle inscribed in (S) whose diagonal 
points are L=(EI, GH), P=(EG, 1H), Q=(EH, IG). By exactly the same reasoning as above it may be 
shown that the lines LP, LQ coincide with the lines 7, r’, and furthermore that the tangents, say at E 
and H, to (S) intersect on LP; similarly the tangents at J and G meet on LP. This proves the second 
Proposition. 

In the case of the parabola one of the foci is at infinity and coincides with the center of the curve, 
ii.e., is determined by the direction of the axis of the curve. But this special position of the focus does 
mot affect either the propositions or the above considerations, so that it is not essential to modify the pro- 
‘positions of the problem, unless animplicit reference to a point at infinity seems particularly objectionable. 
In such a case it will be necessary to replace in the first proposition the words: ‘two opposite sides 
pass through the foci,” by the words: ‘‘one of its sides passes through the focus and the opposite side is 
parallel to the axis’’ (of the parabola). Similarly for the second proposition. 

The dual of the quadrangle ABCD is the quadrilateral formed by four tangents to the conic (S) 
such that two opposite vertices X, X’ lie on the polars f, f’ of the foci, i.e. on the directrices of (S). 
The line XX’=1 is then the dual of the point L, and the pair of points R, R’ on/ conjugate with respect 
to (S) and separated harmonically by the points X, X’ are the duals of the lines 7, r’. But the points 
R, R’ do not play with regard to the other points of the line / any such special role as do the lines r, r’ 
with regard to the lines through the point L, for the good reason that the orthogonal and bisecting proper- 
ties of r,r’, not being projective, are lost in the process of dualizing. The duals of the propositions of the 
problem do not therefore invite the same attention as the propositions themselves. 

An interesting special case, namely, when the line/ is tangent to (S), and which may, in a way, be 
regarded as a dual of the first proposition, was considered before in this Monthly (1923, p. 403). 

3216[1926; 430]. Proposed by S. A. Corey, Des Moines, Iowa. 

Let L, M, and N be any three unit vector space co-ordinates. Also let X, Y, and Z be three other 
vector space co-ordinates such that X=a*pL+acmM+cN, Y=b?pL+bdmM+d'nN, and Z=2abpL 
+(ad+bc)mM +2cdnN, a, b, c, d, p, m, and mn being ordinary scalars. Then prove that 4(tensor of X) 
(tensor of Y) (cos XY) — (tensor of Z)?=(ad—bc)? (4pn cos LN —m?). 


SotuTION By T. C. Esty, Amherst College. 
Since L, M, and N are unit vectors, L?=M?=N*=1, and N - L=cos EN. Also 
4(tensor of X)(tensor of Y)(cos XY) = 4X-Y, 


Now 
4X - VY = 4a%b*p? + 4abcdm® + 4c2d?n? + 4(ad + bc)abpmL - M 
- + 4(ad + bc)cdmnM - N + 4(b?c? + a?d*)npN - L. 
so 
Z* = 4a*b?p? + (ad + bc)*m* + 4c2d?n? + 4(ad + bc)abpmL - M 
+ 4(ad + bc)cdmnM - N + 8 abcdnpN - L. 
Therefore, 


4X -¥ — Z? = (ad — bc)*(4pn cos LN — m?). 
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3218[1926; 480]. Proposed by F. M. Garnett, Savannah, Georgia. 


A rectangular lighter a=40 ft. by b=20 ft. moves upstream due west, at the uniform speed v, =8 
miles per hour. What time will be required for a swimmer who begins at the southeast corner of the 
lighter to swim around it while it is in motion, if his rate upstream 2, = 10 miles per hour, and downstream 
%=16 miles per hour? 


SOLUTION BY J. B. REyNoxps, Lehigh University. 


Since the man swims with a velocity }(v3;-++2.) in still water, the stream flows with velocity $(v3—v2), 
and the lighter moves with velocity v; upstream, we find the time required to go a distance b across-stream 
then overtake the lighter by swimming upstream to be (6 tan 40)/(m%—v), in which @ is the angle his 
velocity relative to the stream makes with the upstream direction. The time required to swim a distance 
b across in front of the lighter then back to it is (b cot 46)/(vs+2,). These results show that the least 
time will be consumed by the swimmer if he keeps always as near as possible to the lighter. 

He therefore crosses in front and behind the lighter perpendicularily relative to the lighter, that is, 
he heads at arc sin (v3—1%-+2,)/(m-+23) =arc sin 11/13 with the back edge of the lighter and has a 
cross-stream velocity of 4/3 mi. per hr. To swim across in front and behind the lighter therefore takes 
26/4,/3 hours. (In this solution, a and b are the dimensions of the lighter expressed in miles.) To gain on 
the lighter its length upstream takes a/(™—-v,)=4a hours, and to swim downstream the distance @ 
relative to the lighter takes a/(v3-+2,) =a/24 hours. The total time required is (13/24) + (b/2+/3) hours 
= 18.7 seconds. 


Also solved by J. M. BARrBour. 





NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
H. W. Kuhn, Ohio State University, Columbus, Ohio. 


Professor E. W. Brown of Yale University has accepted the invitation of 
the American Mathematical Society to give the fifth Josiah Willard Gibbs 
Lecture in connection with the meetings of the Society and the American 
Association for the Advancement of Science at Nashville, in December, 1927. 


Dr. H. Y. BENEpicT, Dean of the College of Arts and Sciences, and Professor 
of Applied Mathematics and Astronomy, has been elected President of the 
University of Texas. 


The following awards of Guggenheim fellowships for the coming academic 
year in the field of mathematical physics are announced: Dr. C. H. Eckert, of 
the California Institute of Technology, for research in quantum theory; Professor 
G. E. Grsson, of the University of California, for the study of the theory of 
band spectra; Dr. W. B. Houston, of the California Institute of Technology, 
for the study of quantum mechanics as applied to the explanation of spectra; 
Dr. F. C. Hoyt, of the University of Chicago, for research in quantum theory and 
its relation to radiation and atomic structure; Professor V. F. LENZEN, of the 
University of California, for the study of statistical mechanics; Professor 
M. S. VAtiartA, of the Massachusetts Institute of Technology, to study the 
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connection between Schrodinger’s wave mechanics and the Einstein theory of 
radiation. 


Princeton University has established a professorship in memory of CHARLES 
A. Younc, who was professor of astronomy at the University from 1887 to 1908. 
Professor H. N. RussEt, director of the Princeton Observatory, has been made 
the first incumbent. 


Yale University plans to honor the memory of Josiah Willard Gibbs by the 
establishment of a Gibbs Fund of $250,000, the income of which will be devoted 
to work of the departments of chemistry, physics, and mathematics. 


Dr. C. R. Apams of Brown University has been promoted to an associate 
professorship of mathematics. 


Mr. W. B. CampsBELt of Cornell University has been appointed assistant 
professor of mathematics at Colgate University. 


Dr. C. C. Camp of the University of Illinios has been appointed associate 
professor of mathematics at the University of Nebraska. 


Professor ToB1aAs DANTZz1Ic of the University of Maryland lectured during 
the academic year 1926-1927 at the Bureau of Standards on the mathematical 
theory of elasticity. 


Mr. Victor D’UNGER,. of the actuarial department of the Pyramid Life 
Insurance Company, has been elected a member of the Calcutta Mathematical 
Society. 


Professor W. C. EELs, of the department of applied mathematics at Whit- 
man College, has been appointed associate professor of education at Stanford 
University. 


Assistant Professor W. W. ExtioTt of Duke University has been promoted to 
a full professorship of mathematics. 


Associate Professor ARNOLD Emcu of the University of Illinois has been 
promoted to a full professorship of mathematics. 


Professor TOMLINSON Fort of Hunter College, New York City, has been 
appointed professor of mathematics and head of the department of mathematics 
and astronomy at Lehigh University. 


Dr. P. A. FRALEIGH of Cornell University has been appointed assistant pro- 
fessor of mathematics at the University of Vermont. 


Assistant Professor C. Invinc GAvVETT of the University of Washington has 
been promoted to an associate professorship of mathematics. 
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Dr. H. M. Geuman of Yale University has been promoted to an assistant 
professorship of mathematics. 


Professor R. L. GREEN of Stanford University has retired. 


Dr. C. M. Huser of Rutgers University has been promoted to an assistant 
professorship of mathematics. 


Dr. L. Hursurt, collegiate professor of mathematics at Johns Hopkins 
University, has retired. 


Assistant Professor HowARD JusTICE of the University of Cincinnati has 
been promoted to an associate professorship of mathematics. 


Associate Professors JosEpH H. KINDLE and Epwarp S. Situ of the Uni- 
versity of Cincinnati have been promoted to full professorships of mathematics. 


Assistant Professor R. E. LANGER of Brown University has been appointed 
professor of mathematics at the University of Wisconsin. 


Professor D. D. LEIB, of the department of mathematics at the Connecticut 
College for Women, has been awarded the honorary degree of Doctor of Science 
by Dickinson College. 


Dr. Harry Levy has been appointed assistant professor of mathematics at 
the University of Illinois. 


Dr. FLORENCE M. Mears of Cornell University has been appointed pro- 
fessor of mathematics at Alabama College. 


Miss MuriEt MEv7z has been appointed assistant professor of mathematics 
at the University of Cincinnati. 


Dr. OysTEIN ORE of the University of Oslo has been appointed assistant 
professor of mathematics at Yale University. 


Assistant Professor BRucE H. REpp1TT of Kenyon College has been granted 
leave of absence for a year’s study in Johns Hopkins University. 


Associate Professor W.D. REEVE of Teacher’s College, Columbia University, 
has been promoted to a full professorship of mathematics. 


Dr. BERNARD P. REINSCH of the University of Illinois has been appointed 
associate professor of mathematics at the Southern Methodist University. 


Dr. D. E. Ricumonp has been appointed assistant professor of mathematics 
at Williams College. 


Mr. H. C. SHavs of Cornell University has been appointed assistant pro- 
fessor of mathematics at Washington and Jefferson College. 
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Dr. C. A. SHOOK has been promoted to an assistant professorship of mathe- 
matics at Columbia University. 


Dr. Marion E. Stark of Wellesley College has been promoted to an 
assistant professorship of mathematics. 


Mr. H. S. THurston of Brown University has been appointed professor of 
mathematics at Acadia University. 


Assistant Professor L. A. H. WARREN of the University of Manitoba has 
been promoted to a full professorship of mathematics. 


Mr. P. D. WiLkins of Case School of Applied Science has been appointed 
assistant professor of mathematics at Bates College. 


Associate Professor W. A. WILSON of Yale University has been promoted to 
a full professorship of mathematics. 


The following appointments for 1927-28 from the University of Chicago 
are announced: 

1. Those having the master’s degree. 

Mr. H. C. Birirncs, 1927, Instructor in Mathematics at the Oklahoma 
Agricultural and Mechanical College, Goodwell, Okla. 

Mr. C. R. Wort, 1927, Instructor in Mathematics at the University of 
Arkansas, Fayetteville, Ark. 

Mr. M. G. Boyce, 1926, Instructor in Mathematics at Adelbert College, 
Western Reserve University, Cleveland, Ohio. 

Mr. H. H. Prxtey, 1927, Instructor in Mathematics at Rutgers University, 
New Brunswick, New Jersey. 

Mr. M. A. Basoco, 1925, Instructor in Mathematics at the University of 
California at Los Angeles, California. 

Miss GLApys H. FREEMAN, 1920, Instructor in Mathematics at Illinois 
State Teachers College, DeKalb, Illinois. 


2. Those holding fellowships, 1926-27. 

Miss MARIE JOHNSON, Instructor in Mathematics at Pennsylvania State 
College, State College, Pennsylvaina. 

Miss Rosa LEA JAckSON, Instructor in Mathematics at Leland Stanford 
University, Stanford University, California. 

Mr. R. H. Marguis, Instructor in Mathematics at the University of 
Michigan, Ann Arbor, Michigan. 

Mr. SAMUEL SILBERFARB, on special fellowship from the University of 
Manitoba, Instructor at the University of Akron, Akron, Ohio. 
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3. Those receiving the doctorate. 

Miss Lois W. GrirFiTHs, Ph.D., 1927, Instructor in Mathematics at 
Northwestern University, Evanston, Illinois. 

Mr. R. G. ARCHIBALD, Ph.D., 1927, Instructor in Mathematics, Columbia 
University, New York City. 

Mr. R. J. GARvER, Ph.D., 1926, Instructor in Mathematics at Rochester 
University, Rochester, New York. 

Miss MARGUERITE DARKOow, Ph.D., 1924, recently instructor at the 
University. of Indiana, Instructor at Pennsylvania State College, State 
College, Pennsylvania. 

Mr. H. L. Situ, Ph.D., 1926, Assistant Professor of Mathematics at 
Louisiana State University, Baton Rouge, Louisiana. 

Mr. H. R. PHALEN, Ph.D., 1926, Professor of Mathematics, St. Stephens 
College, Annandale-on-Hudson, New York. 

Mr. R. W. BARNARD, Ph.D., 1926, at present National Research Fellow 
located at Princeton University, Assistant Professor of Mathematics, 
University of Chicago, Chicago, Illinois. 

Mr. V. A. TAN, Ph.D., 1925, Professor of Mathematics, University of the 
Philippines, Manila, P. I. 

Mr. F. R. BAamrortu, Ph.D., 1927, Instructor at the University of 
Chicago, Chicago, Illinois. 

Mr. WALTER Bartky, Ph.D., 1926, Assistant Professor of Mathe- 
matical Astronomy, University of Chicago, Chicago, Illinois. 

Mr. H. S. Everett, Ph.D., 1922, Extension Professor of Mathematics 
at the University of Chicago, in charge of home study and down town classes. 


4. National Research Fellow located at Chicago. 

Mr. L. H. McFartan, Ph.D., 1925, University of Missouri, has been 
appointed to an assistant professorship at the University of Washington, 
Seattle, Washington. 


The following appointments to instructorships in mathematics are an- 
nounced: 

Brown University, Mr. A. O. Hickson; 

Cornell University, Mr. E. H. Haptock, Mr. R. L. JeErrery, Mr. P. M. 
SWINGLE, Mr. F. G. WILLIAMS; 

Hunter College, Miss Mary V. KENNy; 
Kenyon College, Mr. BENEDICT WILLIAMS; 
Yale University, Mr. H. T. Encstrom, Mr. T. H. RAWLEs. 
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TWO NOTABLE GIFTS TO 
THE ASSOCIATION 


‘ # 


I. THE CARUS MATHEMATICAL MONOGRAPHS. 


The entire expense for publishing and distributing these 
MonocraPHs is provided by Mrs. Mary HEGELER Carus 
as a gift to the Association. The sale of these books at 
cost to its members by the AssocrATION is thus made pos- 
sible, and the receipts from such sales are used to build up 
an endowment fund of the AssocraTIon to be known as 
the Carus PuBLicaTION Funpb. Hence, when a member 
buys a CAaRus MonocraPH he not only gets full value at 
minimum cost but he also contributes to a fund which will 
ultimately be of the utmost value to the AssocraTION. 
Can any member show good reason for not rendering this 
service to the AssocraTION? ‘The first and second 
Monographs are still available to members at the cost 
price. 


II. THE RHIND MATHEMATICAL PAPYRUS. 


CHANCELLOR ARNOLD BuFFuM CHAsE, of Brown Uni- 
versity, who has repeatedly shown his vital interest in the 
Association by cash contributions to its depleted budget, 
has now made a notable gift which was fully explained in 
the September, 1926 issue of the MontHLy. He has done 
the AssocIaTION signal honor by publishing at great ex- 
pense his RH1Inp MATHEMATICAL PAPyRUs under its aus- 
pices. The entire receipts from the sale of this work will 
be devoted to an endowment fund of the AssocraTION to 
be known as the ARNoLD BuFFUM CHANCE Funp. Indi- 
viduals and institutions not now members of the Assoct- 
ATION may secure the special rate to members by making 
application for membership before the sale begins, 
early in October. 


Address all communications to the Secretary, W. D. 
Cairns, Oberlin, Ohio. 
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MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Eleventh Summer Meeting of the Association, Madison, Wisconsin, September 5-6, 1927. 
Twelfth Annual Meeting, Nashville, Tenn., December, 1927. 
The following are dates of Section Meetings of the Association in 1927: 


ILL1noIs, Bloomington, Ill, May 13-14. Missour!, St. Louis, Mo., November 25-26. 
INprANA, De Pauw University, April 29-30. NEBRASKA, Lincoln, May 14. 

Iowa, University of Iowa, May 6-7. On10, Columbus, Ohio, April 8. 

Kansas, Topeka, Kan., February 5. PHILADELPHIA, Philadelphia, Pa., November 


Kentucky, Lexington, May 7. 26. 

LourstaNa-Mississipr1, Shreveport, La., Rocky Mounratn, Colorado College, April 
March 4-5. 22-23. 

MaRyYLAND-District oF CoLUMBIA-VIRGINIA, SOUTHEASTERN, Columbia, S. C., April 15-16. 
College Park, Md., May 7 and George- P 
town University, December 3. SouTHERN CALIForN1A, Los Angeles, Calif,, 

Micuican, April March 12 and November 5. 


Minnesota, St. Peter, Minn., May 21. Texas, Not yet determined. 


AFFILIATED ORGANIZATIONS: THE NEw ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS. 
Tue LovuIstIANA-MissIssipPI BRANCH OF THE NATIONAL COUNCIL OF ‘TEACHERS 
OF MATHEMATICS. 











THE EIGHTH ANNUAL MEETING OF THE ILLINOIS SECTION 


The eighth annual meeting of the Illinois Section of the Mathematical 
Association was held at Illinois Wesleyan University, Bloomington and Normal 
University, Normal, on May 13-14, 1927, under the chairmanship of Professor 
E. C. Kiefer. There was an attendance of 48 at the dinner and 57 at the 
meetings, including the following thirty members of the Association: Beulah 
Armstrong, Edith I. Atkin, T. Bennett, Lillian I. Brown, C. C. Camp, C. E. 
Comstock, A. R. Crathorne, D. R. Curtiss, A. E. Gault, J. S. Georges, Mary G. 
Haseman, Mildred Hunt, E. C. Kiefer, Mayme I. Logsdon, E. B. Lytle, W. D. 
MacMillan, Bessie I. Miller, C. N. Mills, E. J. Moulton, Mary W. Newson, 
H. P. Pettit, H. L. Rietz, H. A. Simmons, H. E. Slaught, Mildred E. Taylor, 
E. H. Taylor, C. A. Van Velzer, J. I. Vass, Alice Winbigler, F. E. Wood. 

The following officers were elected for the ensuing year: C. N. MILLs, 
Illinois Normal University, Chairman; A. E. Gautt, Bradley Polytechnic 
Institute, Vice-Chairman; Bessre I. MILLER, Rockford College, Secretary- 
Treasurer; E. H. Taytor, Eastern Illinois State Teachers’ College, Member 
Executive Committee. The next meeting will be held May 4-5, 1928 at the 
Eastern Illinois State Teachers’ College at Charleston. A motion was adopted 
assessing each member of the section fifty cents to meet expenses incurred in 
inviting special speakers. A motion was also adopted appointing a committee 
for investigating methods of securing in Illinois a policy more favorable to 
emphasizing the necessity that high school teachers should have some college 
training in any subject which they are required to teach. Professors Comstock, 
Lytle, and E. H. Taylor were appointed as the committee. A motion of appre- 
ciation of the hospitality of the two universities was passed. 

The following papers were read, abstracts with corresponding numbers 
being given below: 


1. “Curve tracing” by Dr. Mary G. HAsEeMAN, University of Illinois. 

2. “The preparation of high school teachers of mathematics” by Professor 
E. H. Taytor, Eastern Illinois State Teachers’ College. 

3. “Associativity conditions for division algebras corresponding to Abelian 
groups” by Dr. J. S. GEorceEs, University of Chicago. 

4. “Logarithms of large numbers” by Dr. C. C. Camp, University of Illinois. 

5. “Personal recollections of J. J. Sylvester” by Professor C. A. VAN 
VELzER, Carthage College. 

6. “The evolution and dissolution of matter” (an illustrated lecture on 
Friday evening) by Professor W. D. MACMILLAN, University of Chicago. 





